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Abstract. This paper is concerned with the stabiUty and asymptotic stabiUty 
at large time of solutions to a system of equations, which includes the Lifschitz- 
Slyozov- Wagner (LSW) system in the case when the initial data has compact 
support. The main result of the paper is a proof of weak global asymptotic 
stability for LSW like systems. Previously strong local asymptotic stability 
results were obtained by Nicthammer and Velazquez for the LSW system with 
initial data of compact support. Comparison to a quadratic model plays an 
important part in the proof of the main theorem when the initial data is 
critical. The quadratic model extends the linear model of Carr and Penrose, 
and has a time invariant solution which decays exponentially at the edge of its 
support in the same way as the infinitely differentiable self-similar solution of 
the LSW model. 

1. Introduction. 

In this paper we continue the study of the large time behavior of solutions to the 
Lifschitz-Slyozov- Wagner (LSW) equations [8l[T7] begun in [J. The LSW equations 
occur in a variety of contexts jl4 | ll5 j as a mean field approximation for the evolution 
of particle clusters of various volumes. Clusters of volume a; > have density 
c{x,t) > at time < > 0. The density evolves according to a linear law, subject to 
the linear mass conservation constraint as follows: 



(1.2) / xc{x,t)dx = 1. 

Jo 



One wishes then to solve (|l.ip for < > and initial condition c(x,0) — co{x) > 
0, X > 0, subject to the constraint ()1.2p . The parameter L{t) > in (|1.1|) is 
determined by the constraint (|1.2|) and is therefore given by the formula, 

/•oo /"OO 

(1.3) L{t)^/'^ ^ / x^^^c{x,t)dx/ / c{x,t)dx. 

Jq ' Jo 

Evidently then L{ty/^ is the average cluster radius at time t and the time evolution 
of the LSW system is in fact non-linear. Existence and uniqueness of solutions to 
(jl.ip . ()1.2p with given initial data co{x) satisfying the constraint has been proven 
in [7] (see also |2) for integrable functions co{-), and in [10] for initial data such 
that co{x)dx is an arbitrary Borel probability measure with compact support. In 
|llj the methods of |10| are further developed to prove existence and uniqueness 



1991 Mathematics Subject Classification. 35F05, 82C70, 82C26. 
Key words and phrases, nonlinear pde, coarsening. 

1 



2 



JOSEPH G. CONLON AND BARBARA NIETHAMMER 



for initial data such that co{x)dx is a Borel probabihty measure with finite first 
moment. 

The main focus of U and the current paper is to understand the phenomenon 
of coarsening for the LSW system. Specifically, beginning with rather arbitrary 
initial data satisfying the constraint (jl.2p . one expects the typical cluster volume 
to increase linearly in time. This is a consequence of the dilation invariancc of the 
system. That is if the function c{x, t), x,t > 0, is a solution of (jl.2|) . then for 

any parameter A > so also is the function X^c{Xx,Xt). Letting A(<) be the mean 
cluster volume at time t, 



one expects A{t) ^ Ct at large t for some constant C > 0. The problem of proving 
that typical cluster volume increases linearly in time is subtle since it is easy to see 
that the constant C depends on detailed properties of the initial data. In fact if the 
initial data is a Dirac delta measure then C = 0. Less trivially one can construct a 
family of self-similar solutions j9] to (|1.2p depending on a parameter /?, which 

may take any value in the interval < /? < 1. In that case A{t) ^ C(j3)t at large t, 
where < C{f3) < /3. The main result of 0] is an upper and lower bound on the 
rate of coarsening of the LSW model for a large class of initial data: there exist 
positive constants Ci, C2 depending only on the initial data such that 



The class of initial data for which (|1.5|) holds includes the exponential function 
co{x) = e~^, < a; < 00, and the slowly decreasing functions co{x) ~ K^/{\ + 
x)'^'^^ , < .T < 00, where we require e > in order to satisfy the conservation 
law (jl.2p . It also includes initial data with compact support such as co(x) = 
Kp{l — xY^^ , < .T < 1, cq{x) =0, X > 1, where here we require p > so that 
()1.2p holds. A time averaged upper bound on the rate of coarsening for such a wide 
class of initial data was already known from a result of Dai and Pcgo [5], which 
applies the Kohn-Otto argument [6] to the LSW system. 

In this paper we shall be confining our investigation of the LSW system to 
solutions of (jl.ip . (|1.2p which have initial data with compact support. It is easy 
to see that if the initial data co(-) for (jl.ip has compact support then the solution 
c(-, t) at any later time t > Q also has compact support. Furthermore all self-similar 
solutions of (|l.ip . (|1.2p have compact support. The study of solutions to (|l.ip . (|1.2p 
with initial data which has compact support generally proceeds [9] by normalizing 
the support of the function c(-, t) to be the interval < a; < 1 for all i > 0. Denoting 
this normalized density also by c(-, <), we define functions w{-, t) > 0, h{-, t) > by 
the formulas 



(1.6) w{x,t) = / c{x',t)dx' , h{x,t) = / w{x',t)dx' , < a; < 1. 



Then the dynamical evolution of solutions to the LSW system is governed by the 



(1.4) 




(1.5) 



CiT < A(T) < C2T for T > 1. 





PDE 



(1.7) 



dw(x, t) 



K{t)iix)] 



dw{x, t) 



w{x,t), 0<x <1, t>0, 



dt 



dx 
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with the mass conservation law 

(1.8) h{0,t) = [ w{x,t)dx=l, t>0. 

Jo 

where the functions </)(•) and tp{') ii^ (|1-7|) are given by the formulas, 

(1.9) (jjix) = x^/^ - X, i'{x) = l-x^^^, 0<x<l. 

The initial data wo{-) for (|1.7p . ()1.8p is now taken to be a non- negative decreasing 
strictly positive function woix)^ < x < 1, which converges to as a; ^ 1. 
This implies that the solution w{x,t) of (|1.7[) . (|1.8p also is non-negative decreasing 
strictly positive in x for < a; < 1 and converges to as x 1. The function k{-) 
in (|1.7|1 is uniquely determined by the conservation law (jl.Sp just as i(-) in (jl.ip is 
determined from (|1.2p . 

The inequality (jl.Sp was proven in U by making use of the properties of a certain 
function of the solution of (|l.ip which we called the beta function. The beta function 
(3{-,t) associated with the solution w{-,t) of (|1.7p is given by the formula 

,1^10) £<£|ifel), o<.<i. 

where c{-,t) and w{-,t) are as in p.6p . It was shown in [4] that if the beta function 
of the initial data for (11.71). (11.81) satisfies 



(1.11) lim I3{x,0) = /3o > , 

then the coarsening inequality ()1.5p holds. Since the support of the function u)o(-) 
is the interval < a; < 1, it is easy to see that if (jl.lip holds then one must have 
/3o < 1. We shall refer to initial data wo{-) for p.7p . (|1.8p as being subcritical if 
(|l.lip holds with < /3o < 1, and critical if (|l.lip holds with /3o = 1. Examples of 
subcritical and critical initial data are given by functions wo(')i 

(1.12) wq{x) = {I - x)P for p > 0, wo{x)=cxp' ^ 



1 



< a; < 1. 



In (|1.12l) the first function has f3o = p/{l+p) < 1, and the second function f3o ~ 1. 

Self-similar solutions of (|l.ip . (|1.2p correspond to time independent solutions of 
(|1.7p . (|1.8p . There is an infinite family of such time independent solutions charac- 
terized by a parameter k > kq = (j)' {1) / ij}' {!) > 0. These solutions Wk,{x) can be 
easily distinguished by their behavior as a; — 1 as follows: 

(1.13) fOTK>Ko, W^ix) ^{1-X)P, l/p={K-KoM{l)l 

forK = Ko, Wk{x) exp[-l/7(l - x)], 'f = kqiIj" {1) - (j)" {1) . 

Letting /3k(0 denote the beta function (|1.10p corresponding to Wk('); it is easy to 
see that 

(1.14) ^ = [1/ hm /?«(.t) - (/.'(I) - 1]/|^'(1)| , 

SO that w^^{-) is subcritical for k > kq and critical when It was shown in 

[T^ that if the solution w{-,t) of p. 71) . (|1.8p converges as t od to Wk(-) with 
K > kq, then the initial data w{-,0) must be regularly varying with exponent p 
given by (|1.13p . Furthermore if the initial data is sufficiently close in the regu- 
lar variation sense to Wk,{-), then limt_s.oo w(a:, t) = ^^(a;) uniformly on any com- 
pact subset of [0,1). This in turn implies that the average volume (|1.4p satisfies 
limT^oo A(T)/r = C > 0. In g] it was observed that if the beta function pTTU)) 
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corresponding to the initial data 'w{-, 0) satisfies (|l.lip with /3o ~ p/ (l+p) < 1, then 
w{-,0) must be regularly varying with exponent p, and that these two conditions 
are virtually equivalent (see Lemma 4 of |3] and the remark following). 

The main result of |12j can be considered a strong local asymptotic stability 
result for the LSW model with subcritical initial data. A corresponding result for 
critical initial data was proven in |13| . Again it was shown that if the solution 
w{-,t) of (jl.7|) . ()1.8[) converges as t oo to u>k(-) with k ~ kq, then the initial 
data ^(-,0) must satisfy a certain criterion-equation (|4.ip of the present paper. 
If the initial data is sufficiently close in the sense of this criterion to Wk(')i then 
luiit^oc'w{x,t) = Wk{x) uniformly on any compact subset of [0, 1). We show in §4 
that if (jl.ll|) holds with /3o = 1 then the criterion of [13] for the initial data of (|1.7p , 
()1.8p is satisfied. 

Our goal in the present paper is to prove weak global asymptotic stability results 
corresponding to the strong local asymptotic stability results of jl21 113] . It will be 
useful to our study to generalize the system (|1.7p . p.Sp . (|1.9p by allowing more 
general functions (/){■) and on [0, 1] than (|1.9p . We do however require these 
functions to be continuous on [0, 1], twice continuously diffcrentiable on (0, 1], and 
have the properties: 

(1.15) 0(2:) is concave and satisfies 0(0) = 0(1) = 0, — 1 < 0'(1) < 0. 

(1.16) tp{x) is convex and satisfies -0(1) = 0, V^'(l) < 0, ^"(l) - 0"(1) > 0. 

Evidently the conditions (|1.15p . (|1.16p imply that the functions 0(x), ipi^) ^-re 
strictly positive for < x < 1. The conservation law (jl.Sp . when combined with 
(|1.7p . implies that the parameter K{t) is given in terms of w(-, i) by the formula, 



One can see from the conditions (|1.15p . (|1.16p and the fact that the function w{-,t) 
is non-negative decreasing, that K{t) as determined by (|1.17p is positive. Hence 
the coefficient 0(-) — K{t)ijj{-) of dw{-,t)/dx in p. 71) is concave for all t > 0. As 
in the LSW case there is an infinite family of time independent solutions of p.7p 
characterized by a parameter k > kq = 0'(1)/'0'(1) > which have the properties 



Our first result is a weak global asymptotic stability result for (|1.7I) , (|1.8P in the 
case when the initial data is subcritical. In order to prove it we need to make a 
further assumption on the functions 0(-), '0(-) beyond (|1.15p . (|1.16p . namely that 

(1.18) 0(-), V'(-) are on (0, 1] and 0"'(x) > 0, ^p"'{x) < for < 2: < 1. 

Evidently lfLTE\i holds for the LSW functions 

Theorem 1.1. Let w{x,t), x,t >0, be the solution to Jj.Tp , lll.8\) with coefficients 
satisfying U.15\) . \1.16]) and assume that the initial data u'(-,0) has beta function 
/3(-,0) satisfying U.ll]) with < /3o < 1- Then there is a positive constant Ci 
depending only on the initial data such that ti{t) > Ci for all t > 0. // in addition 
M.ll^) holds, then there is a positive constant C2 depending only on the initial data 
such that nit) < C2 for all t > and 



(1.17) 




una, (ini. 



(1.19) 
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In the LSW case the condition Ci < K{t) < C2, t > Q, implies that the ratio of 
the mean cluster radius to maximum cluster radius is uniformly bounded strictly 
between and 1 for t > 0. Wc prove Theorem 1.1 in §2 by extending the methodol- 
ogy of the beta function developed in [J . In order to prove a version of the theorem 
for critical initial data we have had to have recourse to a different approach. The 
approach is based on the observation that when the functions (/)(■), are qua- 
dratic, then the generally infinite dimensional dynamical system ()1.7p . ()1.8|) reduces 
to a two dimensional system. One way of seeing this is to note that for quadratic 
(j>{-), the commutator of the operators A, B defined by 

(1.20) A^c^ix)^, B = ij{x)^, 

is a linear combination of A and B. Thus A and B generate a two dimensional Lie 
algebra. The corresponding two dimensional dynamical system can be analyzed in 
detail and so we are able to prove in §3 and §5 strong global asymptotic stability 
for the time independent solutions (|1.13|) of (|1.7|) . (|1.8|) . 

Theorem 1.2. Assume that the functions </){■), ip{-) are quadratic, and that the 
initial data w(-,0) for jl-T^ , il.8\) has beta function /3(-,0) satisfying il.ll]) . Then 
setting k = [l//3o — 0'(1) ^ ll/IV"'!!)!; one has for /3o < 1, 

(1.21) limK{t)^K, lim ||/3(-,t)-/3J-)lloo=0, 

where is the beta function of the time independent solution u)„(-) of il.lS]) . If 
/3q = 1 then for any e with < e < 1, one has 

(1.22) limK(i)=:Ko, lim sup \l3[x,t) - I3^„{x)\ = 

t^oo 0<x<l~e 

In §5 we note that the convergence result (|1.22p for critical initial data can be 
improved if wc make the further assumption on the initial data: 

(1.23) There exists 5 > such that I3{x, 0) < 1 for 1 - 5 < x < 1. 

Thus if (fLTTj) with /3o = 1 and (fL23ll hold, then limj^oo \\P{-,t) - /5«o(-)lloo = 0. 
The condition (|1.23[) turns out to be important for us when we seek to extend 
Theorem 1.1 to the case of critical initial data. We also need an extra assumption 
on the functions (/)(•), V(') beyond (jl.lSp . (|1.16p and (|1.18p . The assumption is as 
follows: 

(1.24) The function x cf)' {x) + (/)'(1) - (j){x)[i:' [x) -f 1}}' {l)]/i}}{x) 

is decreasing for < a; < 1. 

One can easily see that the LSW functions (|1.9p satisfy p.24|l . 

Theorem 1.3. Let w{x,t), x,t>0, be the solution to |j. ?| ), il.8\} with coefficients 
satisfying 11.15\) . hl.l6\) . il.l8]} , [l.24\ l and assume that the initial data w{-,0) has 
beta function /3(-,0) satisfying il.ll}) with I3q = 1. If liuix-^^o 4>{^) / ^ — oo? then 
there exist positive constants Ci,C2 depending only on the initial data such that 
Ci < K{t) < C2, for t > 0, and U.19\) holds. If the functions 0(-),V'(-) are 
on the closed interval [0, 1] and in addition the initial data satisfies 11.23]) . then 
there exist positive constants Ci , C2 depending only on the initial data such that 
Ci < K{t) <C2, fort> 0, and (rW\) holds. 
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Since the LSW function (/>{■) of p.9|) satisfies \imx->-o4'{x)/x = oo, Theorem 1.1 
implies that weak global asymptotic stability holds for solutions of the LSW system 
with critical initial data as defined by (|1.11[) with /3q = 1. It seems at first surprising 
that the system (|1.7p . (|1.8p is more stable when the function (/){■) has a singularity 
at X ~ 0. Proposition 4.2 however and the remark following indicates why this may 
be the case. The proof of Theorem 1.3 is contained in §4 and §6. In §4 we use 
the methodology of the beta function to prove certain results, in particular some 
bounds on the function k(-). In order to prove the asymptotic stability result (|1.19p . 
we transform in §6 the system (|1.7p . (|1.8p to a system which can be compared to 
the quadratic model. Hence our proof of asymptotic stability in the critical case 
hinges on viewing (|1.7p . (|1.8|) as a perturbation of the quadratic model. In contrast, 
the proof of asymptotic stability in the subcritical case can be accomplished by 
using the properties of the beta function alone. In [4] it was observed that the 
methodology of the beta function is a way of viewing the system (|1.7|) . (|1.8p as a 
perturbation of the linear model studied by Carr and Penrose [U [2] . Since there is 
no critical time independent solution Wko(-) of (|1.7p . (|1.8|) for the linear model, it 
is therefore not surprising that in the proof of asymptotic stability for the critical 
case one needs to go beyond the methodology of the beta function. 



2. Global Stability for subcritical initial data 

In this section we shall prove Theorem 1.1. First recall that the solution w{x, t) to 
(|1.7p is given in terms of the initial data wo{-) by the formula w{x, t) = e*'Wo{F{x, tj), < 
X < 1, where the mapping t) is defined by F{x, t) = x(0), with x{s), < s <t, 
being the solution to the terminal value problem 

(2.1) = (j){x{s)) - K{s)'ijj{x{s)), s<t,x(t)=x. 

ds 

The derivative dF{x, t)/dx is given in terms of the solution to (|2.ip by the formula 

- f\<j>\xis))-K{s),P'{xis))} ds 



dF{x,t) r '■* 



(2.2) = 

By virtue of our assumptions (|1.15p . (jl.lGp and the positivity of the function k(-), 
it follows from (|2.2p that F{x, t) is a convex function of x, < a; < 1. 

Lemma 2.1. Let F{-, ■) be defined by 12.1]) . where k(-) is determined by the solution 
of l-^.Tp , Then F{0, t) is an increasing function of t and limt_j.oo ^(0, t) = 1. 

Proof. Evidently F(0, t) is an increasing function of t, whence limt_j.oo ^(0, t) = 
a < 1- The conservation law (jl.8p is equivalent to 



1 

t 



(2.3) / wo{z)/[dF{x,t)/dx\ dz = e 

where the variables z and x are related by z = F{x,t). From (fTTSl) . (fTTel and 
we see that dF{x,t)/dx < exp[—t(j)'{l)], < x < 1, whence (|2.3p implies that 



(2.4) [ wo{z) dz < exp[^t{l + <l>' {!)}] . 

JF{0,t) 

We conclude from pTTS)) . ((2^ that a = 1. □ 
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Lemma 2.2. Let w{x,t), x,t> 0, he the solution to |_?. 7| ), hl.^) with coefficients 
satisfying j<5|) . Ji. Assume the initial data w(-,0) has beta function /3(-,0) 
satisfying M.ll]) with < /3o < 1- T/ien i/iere is a positive constant C depending 
only on the initial data such that K.{t) > C for all t > 0. 

Proof. Setting c{x,t) = —dw{x,t)/dx > 0, < a; < 1, and Xt to be the random 
variable with probabihty density function c{x,t)/w{0,t), < a; < 1, we see from 
(|1.17p that K{t) satisfies the inequaUty 

(2-5) -W>^^|P(X.), 

where (•) denotes expectation value. We assume that /Sq = lim^_^i /3(a;, 0) < 1. 
Since the function x — > F{x, t), < .t < 1, is convex, it follows from the inequality 
(57) of g] that /3{x,t) < (3{F{x,t),0) for < a; < 1. Hence Lemma 2.1 implies 
that there exists T > depending only on the initial data, such that I3{x,t) < 
(1 + /3o)/2, < a; < 1, t > T. Now for a positive random variable X which has 
beta function /?(•) and satisfies ||X||oo < oo, one finds after integration by parts, 

(2.6) {X) = ||X||oo- /"^"^/3(^) dz . 



Applying (|2.6p to the variable Xt with t >T, and using the fact that ||Xt|Ioo = 1, 
we conclude that { Xt ) > (1 — /3o)/2 provided t > T. The result follows by 
observing that K(t) is a continuous strictly positive function of t for t > 0. □ 

To obtain an upper bound on k(-) we first obtain an alternative formula to p.l7p 
ioT K{t). Observing that the function c(-, t) of (|1.6p satisfies c(x, t) — ~dw{x,t)/dx > 
0, we see that c{x, t) satisfies the equation 

(2.7) + 1. {[^(^) _ «;(t)^(^)] c{x, t)} = c{x, t) . 

Hence we obtain a formula for K{t) equivalent to (I1.17|) . 

.2 8) ^ /o [^ + 0(^)1 c(a:,t) dx ^ { Xt + (j^jXt) ) 

/o V(a;)c(x,i) dx ii'iXt) ) 

Lemma 2.3. Let X be a positive random variable such that ||^||oo = 1? o,nd set 
k{X) = { X + (t>{X) )/( i;{X) ) where (/)(•), ^(O satisfy fI75l) . flJgl) . Then 
for any S, < S < 1, there are positive constants Ci((5), C2{S) with the property 
lim5_i.o Ci{6) = oo and lim^-^i C2{S) — 0, such that 

(2.9) 1 - (^) < S implies k{X) > Ci{5), 

(2.10) 1 - (^) > S implies k{X) < C2((5). 
Proof. We see from (|1.16l) that for any 77 > 0, 

(2.11) ( iiX) ) < V(0)P(X < 7?) + |V'(?7)| [1 - (X)] . 
Combining (|2.1ip with the inequality 

(2.12) P{X <r^) < [l-{X)]/{l-7^) , 0<77<1, 

we conclude that there is a constant C > depending only on tp{-) such that 

(2.13) KiX) > C{X)/[1 - {X)] . 
This proves (H^. 
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To prove (j2.10p observe that by Jensen's inequality, ( il-'{X) ) > ip{{X)) > 
ipil - S) > and { X + (t>{X) ) < < 1 - 5 + supo<^<i_5 (/)(a;). Now 

(|2.10p and lini5_>i C2((5) = follows from the continuity of </){■) and the fact that 
(j){0) = 0, ipiO) > 0. □ 

Lemma 2.4. Let w{x,t), x,t >0, be the solution to |i. 7[ ), il.8\) with coefficients 
satisfying il.l5]) . hl.l6\) . ii. Assume the initial data u'(-,0) has beta function 
/3(-,0) satisfying U.ll\) with < /3o < 1- Then there is a positive constant C 
depending only on the initial data such that K.{t) < C for all t > 0. 

Proof. From ()1.6|) we see that h{x, t) satisfies w{x, t) = —dh{x, t) /dx > 0, lima;_i.i h{x, 

0, whence it follows that h{x,t) is a solution to the equation 

(2.14) 

^h!^ + [^(^) _ n{t)^P{x)] ^^^^ = £ [^'{z) - K{t)i;'iz)]w{z,t)dz + h{x,t) . 

We conclude then from (fL7| . (fSTT]) . ((2?T4| . that the function I3{x,t) of (fTTOl is a 
solution to 

d d 
(2.15) — log/3(a;,i) + [0(x)-At(t)V'(x)]— log/3(x,t) = -5(a;,t), 

where the function g{x,t) is given by the formula 

1 



(2.16) g{x,t) = {cl)'{x)~K{t)i^'{x)}-—— / [(l>'{z)~K(t)^'{z)]w{z,t)dz . 

h{x,t} 

It follows from (jl.lSp . (jl.l6p and the non- negativity of k(-) that g{-,-) is a non- 
negative function and limx^i g{x,t) = 0. From ()2.16p we also have that 

(2.17) ^ {0''(^)_^(t)^/'(^)}_^^|^£[<^''(,)_^(t)^''(^)]/,(^,t)d,. 
Assuming now that — 0"(-), ^/'"(•) are decreasing, it follows from (|2.17p that 



w(x, t) , , , , 
^ ^ ' h{z,t)dz 



(2.18) < {0"(x)-.^(t)V'"(x)}^. ^^^^^^^ 

Note that the expression in square brackets on the RHS of (|2.18p is 1 minus the 
beta function of the convolution of h{-,t) with the function i7 : R — !• R defined 
by H{z) =0, z > 0; H{z) = 1, z < 0. We observed in gj that if l3{-) is the 
beta function associated with a function h{-) by (24) of [4], then the condition 
sup/3(-) < 1 is equivalent to the condition that h{-) is log-concave. Since the 
function H{-) is log-concave, the Prckopa-Lcindler inequality |16| implies that if 
sup/3(-,t) < 1 then the convolution h{-,t) * H is also log-concave. It follows that if 
sup/3(-,t) < 1, then the expression in the square brackets on the RHS of (|2.18p is 
non-negative. We can see this directly by writing h{x, t) = exp[— g(a;, t)], < x < 1, 
where the function x — > qix,t) is increasing and convex with lim2,_^i Q{x,t) = oo. 
Then 

(2.19) — - — '—^ I h{z,t)dz = exp[g(x, t)] ""^]^' I exp[— g(z,i)] dz 



h{x,tf 



/ h(z,t)dz = exp[q{x,t)\ — / exp[- 

Jx Jx 

<cxp[q{x,t)] ^^^^exp[-q{z,t)]dz = 1. 
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We conclude from ()2.18|) . p.l9|) that if sup /3{-,t) < 1 then g{x,t) is a decreasing 
function of x with hnij;^.i g{x, t) = 0. 

From Lemma 2.1 we see that there is a Tq > such that sup/3(-, t) <1 for t > Tq 
and inf /?(-, To) = /3q > 0. Next let (5o > have the property that the constant Ci{S) 
in Lemma 2.3 satisfies Ci{6o) > kq ~ <f>' {1). Suppose now that 

(2.20) [ I3{x,t) dx < So 

Jo 

for t in the interval Ti < t < T2 , where Ti > Tq and there is equality in (|2.20p when 
t = Ti. We show that in this case there is a (5i > such that 

(2.21) / I3{x,t) dx > Si, Ti<t<T2. 
Jo 

The result follows from (|2.21[) and Lemma 2.3. 

To prove (|2.2ip we use the fact that for t >Ti one has 



(2.22) P{x,t) = exp 



gix{s), s) ds 



l3ix{n),Ti) 



where x{s), s < i, is the solution of (j2.1[) with terminal condition x{t) = x. Observe 
next that since k(s) > Ci((5o) > kq ^or Ti < s < T2, one has 

(2.23) K{s)ip{z) - (l){z) > [k(s)-ko]|V''(1)|(1-2) > 0, Ti < s < T2, < z < 1. 
We conclude that 

(2.24) [l-x(s)] < [l-a;]cxp|-^ [k(s')) -Ko]|V''(l)Ms'| Ti < s < f < T2 . 

Observe now that for any s, Ti < s < T2, the function (t>'{z) — k(s)^'{z) is a positive 
decreasing function of z, < z < 1 and the function g{-,s) of (|2.16p satisfies the 
inequality 

(2.25) < g{z,s) < cj)' {z) ~ K{s)i;' {z) , Ti < s < T2, < z < 1. 
It follows from (j^TM)) . (P?^ that 

(2.26) 0< / g{x{s),s)ds <C3{So), Ti < i < T2, 

JTiV(t-l) 

for a constant C3((5o) depending only on Sq. From (|2.17p and the fact that —</)"{■), 
are decreasing we see that for any xi > 0, 

(2.27) <g{z,s) <[K{s)il'"{xi)-(j)"{xi)]{l~z), xi<z<l,s>To. 
Hence if Ti < i < T2 then we have the inequality 

(2.28) / g{x{s),s) ds < 
Jti 

^Tiv(t-i) r ^Tiv(t-i) 1 

ds [K(5)^"(xi)-0"(xi)](l-a;i) cxp <^ - ^ [k(s') - ko]|^'(1)| ds' \ , 

where x{t — 1) = xi > C4{So) for a positive constant C4{So) depending only on (Jo- 
lt follows from (|2.26p . (|2.28p that there is a constant C5(i5o) depending only on Sq 
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such that 

(2.29) 0< / 9ixis),s) ds < CsiSo), Ti < t < T2. 

Jti 

Wc conclude then from (j2.22|) that there is a constant Ce{6o) depcndmg only on Sq 
such that 

(2.30) I3{x,t) > CeiSo) l3ixiTi),Ti), Ti < i < T2. 

In view of the monotonicity of the function g{-, s) for s > Tq we also have that 

(2.31) I3{z,s) >{l-j)/3{x,s), s>Tq, z>x, 

for some constant 7 < 1. Since x{Ti) > x in (|2.30p we conclude from (|2.3ip that 
f^m^ holds. □ 

Lemma 2.5. Under the conditions of Lemma 2.4 the limit I11.19\) holds. 

Proof. It follows from (|2.6p that if X is a positive random variable with ||X||oo = 1 
and beta function /?(•) satisfying ||/3(-)||oo < 1 then (X) > 1 - ||/3(-)||oo- As 
in Lemma 2.2 there exists Tq > such that sup /3{-,t) < (1 + /^o)/2, t > Tq. 
Hence for t > Tq there is the inequality 1 < w{0,t) < 2/(1 — /3o). Next for 
< ri < min[/3o/2, (1 - /3o)/2] let £(77) be such that \/3{x,To) - Po\ < ri provided 
1—x < e{rj). Then from Lemma 1 of [3] we see that there are constants Ci{i]), C2(?/) 
depending only on rj and w{-, 0) such that 
(2.32) 

Ci(77)[l < w{x,To)/wiO,To) < C2(ry)[l - 

provided 1 — a; < s{ri). Assuming now wlog that Tq = 0, we see from Lemma 2.1 
that there exists > such that 1 — F{0, t) < £(77) provided t >T,f. We conclude 
then from (|2.32p and the bound on w{0, t) when t >Tq the inequalities 

(2.33) zi;(0,0)C2(77)e*[l--F(0,i)]('3°-'')/(i-'3o+>7) > 1^ t>T^, 

(2.34) w(0,0)Ci(77)e*[l-F(0,i)](*'+")/(i-^«-") < 2/(1 - /?o) , t>T„. 
Observe next from (|2.2p using the convexity of the function F{-,t), that 



(2.35) 1-F{0,t) < exp 

Now and ((OS)) imply that 



-0'(l)t + V'(l) / K{s)ds 







(2.36) limsup- / K(s)ds < [l//3o - (/-'(l) - 1]/|V''(1)I • 

T-i-oo J Jo 

In order to prove a lower bound on the time average of k(-) analogous to p.36p . 
we observe as in (|2.4p that the solution x{s), s < i, of (|2.ip with terminal condition 
x{t) =0 satisfies the inequality 

(2.37) [ w{z,t-T) dz < cxp[-T{l + (f)'{l)}] , 0<T<t. 
We can also see as in (|2.32p that 

(2.38) w(z,s)/w(0,s) > C(l-z)(i+*')/^i-'^°\ 0<z<l, s>To, 
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where the constant C depends only on /?o- It follows then from ()2.37|) . p.38p that 
there are positive constants C, 7 depending only on /3o such that 

(2.39) 1 - x(i - r) < Ce-"'^, i > Tq, t < f - Tq. 

If we use now (j2.2p , (j2.34p and ()2.39|) we conclude the lower bound 

(2.40) liininfi / K{s)ds > [1/ ~ [l) - l]/W ■ 

T->oo 1 Jq 

□ 

Proof of Theorem 1.1. This follows from Lemma 2.2, 2.4, 2.5. □ 

3. The Quadratic Model 

We have already observed that the solution w{x, t) of (|1.7p is given by w{x^ t) = 
e*wo{F{x,t)) where F{x,t) is defined by (PT|) . It follows from ([TTT)) that F{x,t) is 
the solution to the initial value problem 

(3.1) ^^^ + [^ix)~K{t)i,{x)]^^^ = 0, 0<x<l, i>0, 

F{x,0) ^ x, 0<a:<l. 

Now suppose (/)(•), ?/'(■) are quadratic and satisfy (|1.15p . (|1.16p . Then 0(-), ip{-) 
are given by the formulas, 

(3.2) 0(x) =0'(l)x(x-l), ^{x)^^'{l){x-l) + r{l){^-l)V2, 

whence (/>(•), ?/'(•) are determined by the three parameters (j)' {!) , ip' {1) , "(/""(l), which 
are subject to the constraints in (|1.15p . (|1.16|) . For t > let u{t) be the function 



(3.3) u{t) ~ exp 



Then it is easy to see that if the function v{t) is the solution to the initial value 
problem 

(3.4) ^=u{t),t>0, v{0)=0, 
the solution to p. II) is given by the formula 

(3.5) l~F{x,t)^ m/7/Vi 0<x<l, t>0, 

u(t) + a(t)(l — X) 

where a(-) is given in terms of w(-), v{-) by the formula 

(3.6) a(.) = {V/'(l)[«(-) - 1] + I0'(1)|[V/'(1) - 2^'(l)]z;(.)}/2|Vy(l)| . 
Using the identity 

(3.7) WilMt) = 1 - u{t) + |Vy(l)| /* >^{s)u{s) ds , 



we see that u{t) — 1 + |(/)'(l)|w(t) > for all t since the function k{-) is non-negative. 
Hence the function a(-) in (|3.6p is strictly positive for all t > Q. Define now a 
function G{u, v) by 

(3.8) G{u,v)^ f wo(l / 7/ ^ ) 

Jo V u + a{l-x)J 
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with a given in terms of u, v by (j3.6p . Since the conservation law (|1.8|) is equivalent 

to e*G{u{t),v{t)) = 1, it follows from that 

du 

(3.9) G(u, v) + Gu{u, v)-^ + Gy{u, v)u = . 

Hence if [u{t),v{t)] is the solution to the two dimensional dynamical system p.4p . 
(|3.9p with initial condition u{0) = l,u(0) = 0, then w{x,t) = e^WQ{F{x,t)) with 
F{x,t) given by p.Sp is the solution to (|1.7p . (jl.Sp with initial condition Wo(')- 

Observe now that u'o(^) (1 — z)p as z — 1 where p = /3o/(l — /?o)j and also 
from Theorem 1.1 we have limj_^oo^(0 ~ Hence from p.6p . p.Sp we may 
conclude that at large time, 

(3.10) G{u,v) - w-PGo(w/u), 
where the function Go(^) is given by the formula 

1 



(3.11) Go(0 = / -— ^ ^ rfa., 

Jo [1 + (1 - a;){ai + 02^}. 

with 

(3.12) ai = V"(1)/2|V^'(1)|, a2 - |0'(1)|[V'"(1) - 2^'(1)]/2|^'(1)| . 

Note that fli is non-negative and 02 strictly positive. If we replace the function 
G{u, v) of (|3.8p by the RHS of (|3.10p . then we easily see that in the variables [u, £] 
the system (|3.4p . p.Op reduces to 

rfe(t) _ (p-e)Go(e) 



(3.13) 



rft pGo(C)+eG;,(0 ' 



(3.14) #log.(t) - Go(0 + G^(0 



dt " ^ ^ pGo(0+eG[,(0 ■ 

It is evident from (|3.13p that ^ = p is a globally asymptotically stable critical point 
for the equation provided we can establish a few properties of the function Go(-). 

Lemma 3.1. The function Go(^) is a positive monotonic decreasing function of ^ 

for ^ > 0, and satisfies the differential inequality 

(3.15) 

iG'o{0 + {p+l)Go{0 > (l + {V'"(l) + l0'(l)|[V'"(l)-2V''(l)]a/2K''(l)|)"" . 
Furthermore the function Go(-) satisfies the inequality 

(3.16) GoiO < (l + {V/'(l) + l0'(l)|[V'"(l)-2V''(l)]a/2|^'(l)|)"'' , e>0. 
Proof. Observe from (|3.1ip that 

(3.17) Go(0 = f\{l~x)go{x,Or dx, ^ > 0, 

Jo 

where 

(3.18) < -^3o(x,0 < ^9o{x,0 ■ 

The inequality p.lSp follows from ()3.18p if we integrate by parts in p.l7p . To 
see that (|3.16p holds we use the fact that (1 — x)dgo{x,£,)/dx < goix,^,), whence 
{l — x)go{x, ^) is a decreasing function. Hence Go(^) < 5o(0, C)^: which is p.l6p . □ 
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Proposition 3.1. Assume that the functions </>(•): V'(') '^'^6 quadratic and satisfy 
il.l5]) . il.l6\) . Assume further that the beta function /3(a;,0), < a; < 1, for the 
initial data is Holder continuous at x = 1 and /3(1,0) = /3o with < /3o < 1- Then 
setting k = [1/ (Hq — (j)' (1) — l]/\ip' there are positive constants C, 7 such that for 
t > 

(3.19) \^{t) - k\ < Ce-^\ ||/3(-,t) -/?.(•) lloo <Ce-^*, 

where I3^{-) is the beta function of the time independent solution Wk{-) of 

Proof. We write the function G{u,v) of (|3.8p as G{u,v) ~ u^pGq{£,,t]), wiiere 
P = /3o/(l — /3o)j ^ = '^/'"i rj = 1/u. Thus Go(^, rj) is given by the formula 



(3.20) 



rjz 



dz. 



1 + z{aiil - 1]) + , 
With tlie extra dependence of G'o(-, •): the system p.l3p . (|3.14p needs to be modified 
to 

(3.21) 



dm 

dt 



(3.22) ^log^^(t) 



ip-C)Go{^,v)+vdGoi^,v)/dr, 

G^{i,^) + ^G^{i,^)|^i 



pGoi^, ri) + C9Go(C, v)/d^ + vdGo{^, v)/dv ' 

Observe that the denominator on the RHS of p.2ip . (I3.22p is the same as —uP~^^Gu{u, v) 
and hence by p.Sp is strictly positive. From the proof of Lemma 2.5 it follows that 
for any S > there exists Ts > such that 

(3.23) u{t)>Gscxp[{l/l3o^l-S)t], t>Ts, 

for a constant Cs depending on 6 and the initial data. Choosing 5 < l//3o — 1 in 
p.23p wc sec that the system p. 211) , (|3.22p converges to the simpler system (|3.13p , 
(jXTi)) as i oo. 

We first show that supj>Q^(t) < 00. In the case /3(-,0) = /3o this follows from 
the inequality \dGo{^,r])/dr]\ < paiGo{^,r/), C > 0, < < 1 and ((X^ . More 
generally let 51(2;), g2{z,^,rj) be defined by 



(3.24) 



51(2) 



[ [l-/3(l-2',0)] dz', G< 2 < 1, 
Jo 



l + z{ai{l^T])+a20' 
Then 9Go($, ri)/di] is given by the formula 

d 



< 2 < 1. 



(3.25) 
where 



dr] 



Goi^.v) = / gsiz, ^, rj) V ^Wo{l - ■qg2iz,^,T])) dz, 



(3.26) 53(^,e,^) 



ai/3(l - T]g2{z,£,,ri),0)T]g2{z,^,riy 

- '752(2, 77), 0)52(2, ^ p 

'7 



5i(W2(2,C,?7)) 

Observe that there exists ?7o > such that the first term on the RHS of p.26p and rj 
times the second term are bounded by a constant for all (2, ^, 7]) with < 2: < l,^ > 
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0,0 < 7/ < 7/0. We conclude that \ridGQ{^,ri) / d'q\ < CGo(C,f?), C > 0, < 77 < r/o, 
for some constant C. Hence p.2ip implies that supj>Q ^{t) < 00. 

Next we obtain bounds on the denominator of the RHS of p.2ip . p.22p . The 
denominator is ^uP^^Gu{u,v), which is given in terms of the {£,,r]) variables by 

(3.27) -uP+^Gu{u,v) ^ f g^{z,^,r^) r^-Pwo{l-V92{z,^,v)) dz, 

Jo 

where 

, c . {l + aiz)l3{l-i^g2{z,£,,r]),Q)r]z-^g2{z,tv? 

(3.28) g4,{z,C,V) = 



51(^2(2,^,??)) 

It is evident from (|3.28p that there exists r/o > such that for any ^0 > 0, there are 
positive constants Ci,C2 with the property 

(3.29) Ci < 54(2, ^,?7) < C2, < ?7 < < ^ < Co, < 2 < 1. 
It follows from ((3:29)) that 

(3.30) CiGoitv) < -u^^'Guiu^v) <C2Goi^,v), < V < Vo, < ^ < ^o- 
To see that [£,{t),K{t)] converges exponentially fast to [p,k], we need to use 

the Holder continuity of (3{x,0) at a; = 1. Observe that the Holder continuity 
implies that 77 times the second term of (|3.26p is bounded by rj" for some a > 
when 77 << 1. The exponential convergence of C(<) to p as t — >■ 00 follows now 
from p.2ip and (|3.30p . To see exponential convergence of K{t) we use the fact 
that \dGo{^,r])/d^\ < CGo{^,r]), ^ > 0,0 < 77 < 1, for some constant G. The 
convergence follows then from the fact that lim,,,_>o Go{£,, rf) ~ Gq{C), £, > 0, Lemma 
3.1, the exponential convergence of ^(t) and p.22p . 

To see that /3(-, t) converges as t — ?► 00 first note that the invariant solution Wk,{-) 
of p.l3p with K > 0'(1)/-0'(1) is given by the formula 

(3.31) w^{x) = G ^ 



.1 + (1 - x){ai +pa2}_ 

for some positive constant C. It follows that w(x,t) — WK.{x)g{x,t) where g{x,t) is 
a positive function defined by 

(3.32) ^log.9(.,^) = TT-tV^-^TtI^' ^-1 — 
ox [I + z{ai + pa2ilz [l + aiz)z 

The Holder continuity of f3{x,0) at 2; = 1 and (|3.32p implies that 

d 

(3.33) \(l~x)— log g(x,t)\ < Ce-'^^ 0<x<l,t>0, 

ox 

for some positive constants G, 7. The exponential convergence of /?(•, t) follows from 
p.33p . To see this we note that 

(3.34) \h{x,t) - h^{x)g{x,t)\ < [ h^{x')\dg{x' ,t)/dx'\ dx' 



< Ge-^^ / w^{x')g{x',t) dx' = Ge-^^h{x,t), 



where /ik(-) is the h function associated with ?««(•). Similarly we have that 

(3.35) \c{x,t) - c^{x)g{x,t)\ < p~'^Ge~^*c^{x)g{x,t) , 

where Ck(-) is the c function associated with Wk.{-)- □ 
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Proof of Theorem 1.2-subcritical case. The fact that liint^oc £.it) ~ p foUows from 
the argument of Proposition 3.1 on observing that continuity of /3{x,0) at 2; = 1 
imphcs 

hm^^o?7Supo<j<^J|aG'o(C,77)/5ry|/Go(C,?y)] === for any > 0. Now hmt_>oo k(0 = 
K follows from \imt^oo^{t) = p, \imt-yooV{t) ~ and p.22p . The convergence of 
l3{-,t) to /?«(•) in the L°° norm as < — > 00 follows just as in Proposition 3.1 by 
noting that continuity of /3(a;, 0) at x = 1 implies the inequality p.33p holds with 
a constant C{t) on the RHS which has the property limt_j.oo C{t) =0. □ 



4. The Critical Case 

Here we begin the proof of Theorem 1.3 using only the beta function method- 
ology. First we consider a necessary condition obtained by Nicthammcr and Ve- 
lasquez [13] on the initial data w{x,0), < x < 1, of (|1.7p . (|1.8p for convergence 
in the critical case to the self-similar solution at large time. Wc show that this 
condition, which was proven in Theorem 3.1 of }13j . is implied by the condition 
lim^^.1 (3(x,0) = 1. The condition for convergence of |13| is given in terms of a new 
variable y determined by the requirement that Wf^„{x)/wi^„{0) = e~^, < a; < 1. 
Writing w{x,0) = Wo(2/)j ^ ^ < Ij the necessary condition for convergence is 
that 

(4.1) hm -0(^ + ^(2^)^) - 



locally uniformly in 2; > for some positive function A(y), y > 0. 

Proposition 4.1. Suppose the initial data w{x,0), < x < 1, of |j. 7| ), lil.8\} satis- 
fies Imix^i (3 (x,0) — 1. Then j[ ) holds for the function X{y) — 2g(x) /[kq^P" i^) — 
^"{l)]{l-x)^, where 

(4.2) g{x) = I [1 ~ I3{x' dx' , < x < 1. 

J X 

Proof. Wc first observe that 

(4.3) hm ^^^ + '9{xm ^ 

x^i w{x,Q) 

locally uniformly in z > 0. To see this note that the logarithm of the fraction on 
the LHS of (|4.3p is given by zg{x) times 

for some x' satisfying a; < a;' < a; -I- zg{x)^ and that 

(4.5) \g{x) ~ g{x')\ < zg{x) sup |1 - /3(a;", 0)| . 

x<x"<l 

Next we show that (j4.3|) implies (|4.ip . To do this we note that the transformation 
a; — >■ 2/ is explicitly given by 



(4.6) y 



dx' _ 2[H-o(l-a;)] 



K^(x') - 0(a;')] KV'"(l)-<^"(l)](l-x) 
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assuming the continuity of (p" {x), ip"{x) at a; = 1. Suppose now that Xz — > y+X{y)z. 
Since the function Koip{-) — (/){■) is positive decreasing we conclude from (|4.6p that 

2[l + oil-x)]{x,-x) 



(4.7) 



K^"(l)-0"(1)](1-X)2 ■ 

Now (|4.5p and the fact that hm^;-;.! (3{x, 0) = 1 imphes that Xz—x< (1 — a:)o(l — a;), 
whence we obtain from (|4.6p the upper bound 

2[1 + o(l - x)]{xz - x) 



(4.8) 



K^"(l)-0"(1)](1-X)2 

The result follows from (gS]), (gill), 



□ 

Next we wish to obtain a uniform upper bound on nit), t > 0, in the critical 
case. In view of p.6|) and Lemma 2.3, this is a consequence of the following: 



Lemma 4.1. Let w{x,t), x,t >0, be the solution to |i. 7[ ), il.8\) with coefficients 
satisfying il.l5]) . hl.l6\) . ii. Assume the initial data u'(-,0) has beta function 
/3(-,0) satisfying il.ll]) with < /3o < 1- Then there are constants Poo > and 
Tq > depending only on the initial data, such that inf (3{-,t) > (3oo for all t > Tq. 

Proof. We follow the argument of Proposition 10 of [4]. Thus for N — 0,1,2,..., 
define points XAr(O) by 

(4.9) xo(0) = 0, w(a;Ar(0),0)=w(a;Ar_i(0),0)/2foriV>l. 

Let xn{s), s > 0, be the solution of the differential equation (|2.ip with initial 
condition xn{0)- Then there is an increasing function J\f : (0, oo) — Z+ such that 
XN{t) > toT N > Af{t), and xn{s) =0 for some s < t, ii N < Af{t). From Lemma 
2.1 we see that limt_j,tx3 7V(<) = oo. For t > 0, N > J\f{t), let iNit) be the interval 
lN{t) = {x : XN{t) < X < XN+i{t)} with length \lN{t)\. It follows from (j2.ip that 

(4.10) 1/^(01/1/^(0)1 = 



exp 



ds / dX {(t)'{XxNis) + (1 - A)a;Ar+i(s)) - K(s)^'(Aa;Ar(s) + (1 - A).tjv+i(s))} 



Hence from (jl.lSp . (|1.16|) and (|4.10p we conclude that the ratio |/jv(i)|/|/Ar+i(t)| is 
an increasing function of t, and from [4] that 

(4.11) ^liinJ/jv(0)|/|/^+i(0)| = 2i/'3o-i > 1. 



We define a function /3jv(0 for t > 0, iV > A/'(t) by 



(4.12) p^it) 



exp 



ds |/jv(s)| Wi^N+iis)) - K{s)ij"{xN+i{s))} 



whence f3N{t) is a positive decreasing function of i provided 7V(<) < N. From (jl.lSp . 
(jl.l6p , (jl.lSp it follows that there exists constants C, a satisfying < C, a < 1 such 
that 

(4.13) \lNit)\/\lN+iit)\ > C/PN{tT fori>0. 

In view of (|4?TT1) there exists A'^o > such that for N > max{iVo, A/'(i)}, 
(4.14) 

^7v(i) < exp - 



ds \lN+iis)\ {(l)"{xN+2is)) - K{s)ip"{xN+2is))} 



PN+l{t) 



1/2 
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We conclude from (|4.13p . (|4.14p that there exists To > and a function A/i : 
[To, oo) ^ Z+ U {cxd} with the property that J\fi(t) > N'{t) and /37v(i) satisfies 

(4.15) (3N{t) > (C7/2)3/" if iV>A/-i(t), 

PN{t) is an increasing function of N if J\f{t) < N < Mi{t) . 

As in [4] we can compare the function P{-,t) to the functions PN{t), N > Af{t). 
For < a; < 1 let 4(t) = {x' : w{x,t)/2 < w{x',t) < w{x,t)}, so that the left 
endpoint of the interval Ix{t) is x and /Ar(t) = Ixf^{t){i)- In view of (|1.15p . (|1.16p . 
(|1.18p and the fact that Po < \; it follows that there are positive constants 71 , 72 
such that the function (;(•, •) defined by ()2.16p satisfies the inequalities 
(4.16) 

-1i\h{t)Mt)i'''{x+\h{t)\/2)-4>''{x+%{t)\l2)] < g{x,t) < 72|4(t)|[At(t)V'"(a;)-0"(x)] 

It follows from (|4ll|) . (|4l^ . (liHj) that there exists a, C > and Tq > 0, such 
that 

(4.17) I3{x,t) > Cl3N{t)" ioT X e lN+i{t), N >Afit), t>To . 

We also conclude from (|2.16p . ()4.16p that there exist positive constants C,To,a and 

(4.18) P{x',t) > CP{x,t)°' br x' e Ix{t), t>To. 

To see this we note that for x < x' < x + \Ix{t)\/2 the inequality (|4.18p is a 
consequence of the fact that there exists a constant 7 > such that 

(4.19) / w{z,t)dz < (1+7)/ w{z,t)dz ior x < x' < x + \Ix{t)\/2 . 



For x+\Ixit)\/2 < x' < x+\Ixit)\ the inequality follows from (|4?T6l) since \Ix'it)\ < 
2\Ix{t)\ if To is sufficiently large. It follows from (|4l^ . (j4l7| . (|4l8| that there 
exist positive constants a, C, Tg such that 

(4.20) P{x,t) > C/3(0,t)" for < a; < 1, t > To . 

We proceed now in a manner similar to that followed in the proof of Lemma 2.4. 
We choose 60 with < (5o < 1 such that C[l — So]/So > kq = (/)'(1)/'0'(1), where 
C is the constant in (|2.13p . We also choose 61 satisfying So < Si < I such that 
the constant C2{Si) of Lemma 2.3 satisfies the inequality C2{Si) < kq. Finally we 
choose (3i with < /3i < 1 such that 

(4.21) M{0) sup C2{S)/[l~S] < 1/2. 

So<S<Si 

With To as in (|4.20p and assuming /3i > sufficiently small, we may suppose that 
To < Ti < T2 are such that /3(0, Ti) = /3i and /3(0, i) < ^1 for Ti < t < T2. Let T3 
satisfy Ti < Tg < Ta and have the property that {Xt) > I - So for Ti < t < T3 
and either T3 = Ta or {Xt^) = 1-Sq. It follows from ([233]) . ([2:291) . and (|4:20l) that 
there is a constant Ci such that 

(4.22) /3(0,t) > , Ti <i <r3 . 

To obtain a lower bound for /3(0, i) in the region T3 < < < T2 we use the equation 

(4.23) ^ log TO = WO.<M%W _. 
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Since (Xt.,) = 1 - (5o, it follows from (|42T|) that 

(4.24) l^^g^^*) ^ ' ^3<t< T4, 

where has the property that (Xt) > 1 - (5i for T3 < i < T4 and (Xt^) = 1 - (5i 
or T4 = Ta. Evidently (g^H) implies that 

(4.25) T4-r3 < 21og[(l-(5o)/(l-'5i)]; (X,) < 1 - (5o for Tg < t < T2 . 

From Lemma 2.3 and (ITM]) we have that 02(61) < k{s) < Ci(Jo) for T3 < s < Ta- 
Hence there is a constant Ci((5o,<5i) such that 

(4.26) 0< f g{x{s),s) ds <Ci{So,Si), 

JT3 

on any solution of (pTTj) with a;(t) = 0, where T3 <t < T4. We conclude from (|4.22p . 
that /3(0,0 > C2((5o,(5i)^i for n<t< T4. 
Finally we consider the interval T4 < t < T2. From (|4.23p and the assumption 
/3(0,t) < /3i it follows that (Xt) < 1 - (5i for T4 < t < T2. Assuming that 
Si > 1/2, we see from (|2.6p and the fact that /So < 1 that there exists xi such that 
< xi < 3(1 — Si) and /3(xi,i) > 1/2. Let > be the unique maximum of the 
function (/)(a:) in the interval < a; < 1. In addition to choosing Si > 1/2 such that 
C2{Si) < kq, we choose it sufficiently close to 1 so that 3{1 — Si) < xq. Observe 
now that since (i{xi, t) > 1/2 it follows that 

(4.27) < / 9{xi{s),s) ds < log2 , 

on any solution of ()2.ip with xi{t) = xi, where T4 < t < T2. Letting X2{-) be the 
solution of (|2.ip with 2:2 (t) = 0, it follows from the fact that 3{1 ~ Si) < xq, that 

(4.28) 0< f [g{x2{s),s)~g{xi{s),s)]ds <C{Si) , 

for a constant C((5i) depending only on 5i. We conclude from (|4.27p . (|4.28p that 
/3(0, t) > C2{So,Si)l3i for T4 < t < r2. 

Wc have therefore proven that there is a constant C such that /3(0, t) > C/3i for 
T^i < i < T2- We conclude that inft>To /3(0,t) > 0, whence the result follows from 
(Ml) . □ 

Corollary 4.1. Suppose that the function 4>{-), in addition to satisfying the as- 
sumptions of Lemma 4-1- also satisfies the condition lmij.^Q(j){x)/x = 00 . Then 
there is a positive constant C depending only on the initial data w{x, 0), < a; < 1, 
for Pl\ ), {23) such that K{t) > C for allt>0. 

Proof From (f^ . we have that 



{4'iXt)) 



f3oomxt)) 



{Xt) 

for some /3oo > 0. From Lemma 1 of [3] there exists a constant 7 > such that for 
t > one has the inequality P{Xt > j{Xt)) > 1/2. Hence we have that 

(4.30) (</)(Xt))-0'(l)(Xt) = [ [(l>'{x)-<j>'{l)]P(Xt>x)dx 
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It follows from (gSSl), (|4:30l) that 

(4.31) I log (X.) > ^^^lllp + 0'(1)[1 - 7/2] - 1 , 

whence we conclude that there exists a positive constant C such that {Xi) > C for 
t>Q. The resuh follows from ^M- □ 



The following proposition shows that if we assume lim2;_i.o (^{x) /x < oo then the 
lower bound of Corollary 4.1 may not hold for all initial data satisfying (|l.lip with 
/?o = 1. 

Proposition 4.2. Assume /3o satisfies the inequality < /3o < 1/[1 + 0'(O)], and 
w{x,t) is as in Lemma 4-1 with initial condition w(x,0) = C{xq — x)^° ^ < 
X < xq] w{x,Q) = for xq < X < 1. There exists (5(/3o) > such that if 
< xq < (S(/3o) then limf^oo ^{t) = . 

Proof. First observe that the linear approximation at to (j){x)—K{t)^{x) is (j)' {Q)x— 
K{t)ip{0). The function w{x,t) defined by 

(4.32) w{x,t) = Ce^'lxo ~ xe^'f°^^^-^°^ for < a; < xoe"^* , 

(4.33) w{x,t) for xoe"^* < a; < 1 , 

is a solution to (|1.7p . (jl.Sp in this linear approximation provided A = 1 — /?o[l + 
(?!)'(0)] > 0. In that case K{t) is given by the formula 

(4.34) K{t) = e-^'[l + <f>'{Q)]{l-/3o)xo/m ■ 

To prove that limt_i.oo ^(t) = more generally, one uses the equation (|4.29p . 
From the argument of Lemma 2.3 we see that 

^'■''^ dt'^^^""'^ ^ — wm^) 

The result follows from (|4.35p and Lemma 2.3 since /3(0,t) < /3o for all t > 0. □ 

Remark 1. It is easy to construct initial data w{x,Q)^ < x < 1, for |J.7| ), {773) 

with support equal to the full interval [0,1], the property lim^-j-i /3(a;, 0) = 1, and 
such that u'(-,0) is arbitrarily close to the initial data of Proposition 4-2. In fact 
we can define /3(x, 0) by 

(4.36) /3{x, 0) = l3o for < x < xq, /3(x, 0) = 1 - £(1 - x) for xq <x<l, 

where e << 1. Note in this case the discontinuity in /3(a;,0) at x = xq. In §6 
we are able to obtain a positive lower bound on inf k(-) for such initial data since 
I3{x,0) < 1 for X close to I. We are not however able to obtain a lower bound if 
I3{x,0) oscillates above and below 1 as x 1. 

Lemma 4.2. Let w(x,t), x,t >0, be the solution to |i. 7| ), iL8\) with coefficients 
satisfying il.l5]) . hl.l6\) . ii. Assume the initial data u'(-,0) has beta function 
0) satisfying hLll]) with /3o = 1. Then the limit il.l9\) holds provided inf k{-) > 
and 

(4.37) inf w{x,t) > for all x satisfying < a; < 1. 
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Proof. Wc define a function z{t), t > 0, by e*'WQ{z{t)) = 1. Since the conservation 
law (jl.Sp implies that w{0,t) > 1 we conclude that z{t) > F{0,t), t > 0. Observe 
also from (|4.4p that z{t) satisfies the differential equation 

dz{t) g{z{t)) 



(4.38) 



t > 0, 



dt /3(z(t),0)' 
where g{-) is the function (|4.2p . Next we have from (|2.35l) that 



1 — z{t) < exp 



(4.39) 

Since lim^:-).! /3{x, 0) = 1 it follows from (|4.2p that 



0'(l)t + V'(l) / K(s)<is 





t > 0. 



(4.40) 



lim log[l - z{t)]/t 



0. 



Hence we obtain the upper bound (|2.36p in the case (3o = 1. 

To prove the lower bound (|2.40p for /3o = 1 we first note that Lemma 2.3 implies 
that there is a positive constant to depending only on the initial data such that 
(Xt) > e-*" for all t > 0, whence e*-*«-u;o(i^(0, t)) <l. We conclude that z{t-to) < 
F{Q,t) for all < > 0. The final fact we need in analogy to (|2.39p is that for any 
e > there exists 6 > depending only on the initial data wo(-) such that for any 
t > 0, 



(4.41) 



/ w{z,t) dz < 6 implies 1 — x < e 

J X 



It is easy now to conclude (|2.40p for /3o 



1. Finally we note that (|4.37p implies 

□ 



5. The Quadratic Model-Critical Case 

We return to the quadratic model studied in §3. 

Lemma 5.1. Assume the initial data wo{-) for |i.7[ ), il.8\) satisfies lim-c-j.! /3(.t, 0) = 
1 and w{x,t) = e*Wo{F{x,t)), where F{x,t) is given by the formula i3.5\) . Then 
\im.t^ocu{t)/v{t) = if and only if there are constants Ci,C2 > such that 
Ci < K{t) < C2 for all t > 0. 

Proof. Wc first assume Ci < k(-) < C2, whence Lemma 2.3 implies that there 
exists C3 > such that (Xt) > C3 for alH > 0. We conclude then from Lemma 1 
of H] that there exists 7 > such that 

(5.1) w{'^,t)/w{0,t) > 1/e, 0<t<oo. 
Next we write 

(5.2) w{j, t)/w{0, t) = woiFiO, t) + [F(7, t) - F(0, t)])/wo{FiO, t)) . 

Since \imt-^oo F{0,t) ~ 1, it follows from (14.31) . (|5.ip that there exists Tq > such 
that 

(5.3) F(7, t) - FiO, t) < 2g(F(0, t)) , t > To . 
Using the fact that lim:c_i.i /3{x,0) = 1, we conclude that 

(5.4) lim = . 

^ ' t^oo 1-F{0,t) 
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We see from the identity 



1-F{0,t) u(0 + (l-7)a(t) ' 

and (|5.4p that \imt-foo u{t) / a{t) = 0. Since (|3.7p imphes that 

(5.6) a{t) <{i:"{l)supn{-)+2\cP'{l)\}v{t)/2 , 

we conclude that hnij^oo u{t)/v{t) = 0. 

Conversely let us assume that limi_>oo w(i)/w(i) = 0. Since limt_;.oo -^(0, i) = 1 
we also have that limt_i.oo [u(t)+a(t)] = oo, and hence we conclude that limt_^oo '^(t) = 
oo. We define now y{t) by 

(5.7) y{t) = 1 - l/a,{t) = 1 - 2\i,'{l)\/{ |0'(1)|[V/'(1) - 2V'(l)]«(t) - ^-"(1) } , 
and observe that y{t) is an increasing function of t which satisfies 

(5.8) iim,(t) = i, ^ ^ {\m\rimmi)\ + i}uit) _ 

One can further see that 

{i + (i-x)vy'(i)/2|^'(i)lHi) 



(5.9) F{x,t) y{t) ai{t)[aiit)il-x) + {l + {l-x)ril)m^P'm<t)]' 
and hence we conclude that there are positive constants C, Tq such that 

(5.10) F{x,t)-y{t) < C^^^ , for t > To, < X < 1/2. 

dt 

Let z{t), f > 0, be as in Lemma 4.2, whence F{0,t) < z{t), t > 0. Suppose now 
that at some t > Tq one has y{t) = z{t — tq) where tq > 0. Then for < a; < 1/2 
we have that 

(5.11) ewo[F[x,t)) > e Wo [yit) + C—J— ] = e° — . 

V dt J wo(y(t)) 

Since (|1.8p implies that the LHS of (|5.1ip is bounded above by 2 when x = 1/2, 
we conclude from (|4.3p that if tq > 1 + 2C + log 2 and Tq is sufficiently large then 
dy{t)/dt > 2g{y{t)). Hence if y(To) > z{Tq-to) then y{t) > z{t-Ta) for aU t > Tq. 
Since (|5.9p implies that y{t) < F{0,t) we further have that z{t — tq) < y{t) < z{t) 
for t >Tq. Wc conclude therefore that 

(5.12) {Xt) = , ... > , ] > e--<-' , t>TQ. 

e^WQ{F[Q,t)) e^wo{y{t)) 

Now Lemma 2.3 and (|5.12p imply that inf k(-) > 0. 

To see that supk(-) < oo, we observe from (|5.8p . (|5.9p that there are positive 
constants a,/3 with the property 

„, N / N a + 0(1 — x) dyii) 
5.13 F{x,t) = y{t)+ ,^ 7/ , 0<x<l, 

(1 — x) + o(i) 

where limt_i.oo o(t) = 0. It is easy to see that there exists To > such that y{t) < 
F{0,t) < z{t) for t > Tq, whence y{t) = z{t - T{t)) for some unique T(t) > 0. We 
show there are constants ti , T2 > such that 

(5.14) Tl < T{t) <T2, t>TQ . 
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To obtain the upper bound in ()5.14|) note that from (|1.8|) . ()4.3|) . ()5.13p there exists 
T2 > and Ti > Tq with the property that 

(5.15) tH) > T2 implies > 2g(y(t)) for t > T^. 

dt 

Hence if t2 > Ti and r(<2) > T2 then from (|4.38p and (|5.15p we see that for 
sufficiently large Ti and t >t2 satisfying mit2<s<t t{s) > T2, then 

(5.16) y{t) > z{3{t-t2)/2 + t2~T{t2)) which implies T(t) < r(i2) - (i-i2)/2 . 

The upper bound in (|5.14p follows. To obtain the lower bound observe again from 
|), (|5.13|) that there exists ti > and Ti > Tq with the property that 



(5.17) T(t) < Ti implies < g(y(t))/2 for t > Ti. 

dt 

The lower bound in (|5.14p follows from (|5.17p by analogous argument for the upper 
bound. 

Assuming (|5.14p holds, we show there exists T2 > Tq and 6 > such that 

(5.18) e'woiF{0,t)) > I + 6, t > T2. 

Thus from (|4.3p . (|5.13p we see that for any 77 with < 77 < 1 there exists T,, > Tq 
such that 



(5.19) / exp 

"'0 



a + l3{l- x) dy{t) 



dx < for t > Tr, 



il-x)g{yit)) dt 

Choosing < [1 — e"'^i/^]/2 in (|5.19p and putting T2 ^ Tj^, we see that there is a 
constant C(ri ) > depending only on ti such that 

(5.20) ^ > C{n)g{yit)) for t > T2 . 

Now ([5Tn)) and ((00)) imply that there exists 5 > such that 

1 (5 

(5.21) u;o(F(l/2,t)) < -— ii;o(J^(0,t)) for t > T2 . 

1 + 

The inequality ((OT|) and (HH]) imply ((5l^ . Since (|5.18p implies that (Xt) < 
1/(1 + S) < 1 for i > T2, we see from Lemma 2.3 that supK(-) < 00. □ 

Lemma 5.2. Assume the initial data wo{-) for |i.7[ ), il.8\) satisfies linix^i I3(x, 0) = 
1 and w{x,t) = e^wo{F(x,t)), where F(x,t) is given by the formula i3.5\) . Then 
limt_^oo u{t)/v{t) = 0. 

Proof. Observe that since v{t) is an increasing function one has limt^oo v{t) = Voo 
where < Vao < 00. If Voo < 00 then it follows from p.4p that there is an increasing 
sequence tm with lim„j_5.oo = 00 and u{t,ri) < 1- In that case (j3.5p implies that 
liminft^oo F(0, i) < 1, which is a contradiction to Lemma 2.1. We conclude that 
limt^oo v{t) = 00. 

Next we show that there exist constants Co, To > such that u{t) < Cov{t) for 
all t > Tq. To see this we set ^{t) = v{t)/u{t) and note from (j^ . (j?^ that 

. 29> ^ u{t)Gu{u{t), v{t)) + v{t)G, {u{t),v{t)) + mG{u{i). v{t)) 

^ ' ^' dt u{t)Gu{u{t),v{t)) 

Arguing as in Proposition 3.1, we see that there exists wq > such that 

(5.23) uGuiu.v) + vGv[u,v) + G[u,v) < Q for m > 0, v>vq. 
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Hence there exists Tq > such that for any t > Tq the function v{t)/u{t) is 
increasing if u{t) > v{t), whence there is a constant Co > 1 such that u{t) < Cov{t) 
for t > To. 

It fohows now from (|5.9p . (|5.13p that there exists Ti > and a constant Ci > 
such that o{t) in (|5.13p satisfies the inequahty < o(t) < Ci for t>Ti. Using the 
fact that o{t) > we see from the argument to prove (|5.14p that we can choose 
Ti > To such that T{t) < T2 for t>Ti. From (fTSl and the inequahty o{t) < Ci we 
can further choose T2 > Ti and C2 > such that for any t >T2, 



(5.24) 



dyjt) 
dt 



< C29{y{t)) 



The resuh foUows from (|4.2p and (|5.24p since hm^;^! /3(a;, 0) = 1. 



□ 



Proof of Theorem 1.2-critical case. Using the notation of Lemma 5.1, we shaU show 
that there exists tq > such that hmt_j.oo rit) = tq. To obtain a formula for tq we 
assume y{t) ^ z{t — tq) and conclude from (|4.38|) and (|5.13p that for large t 



(5.25) F{x,t) - z{t~To) 

Now prS)) and imply that 

(5.26) 



1 -a; 



/3 





a 


/ exp 


1-x 


Jo 



g{z{t - To)) , < X < 1. 



dx — 1, 



which uniquely determines To > 0. 

We first prove that liminft^oo '''(t) < tq. To see this observe from p.Sp . (|4.3p 
and ()5.13|) that if lim inff^oo '''(i) > to + £ for some e > 0, then there exists T^ 
sufficiently large and 5{e) > depending on e with the property 



(5.27) 



dyjt) 

dt 



> [1 + 6ieMyit)) , t>T, 



Since lim^c-^i ^^(a;, 0) = 1 it follows from (|4!38l) and (fOT]) that if T^ is sufficiently 
large depending only on e, then y{t) > z{[l + S{e)/2]{t~T^) + T^-T{T,)) for i > T^. 
Evidently this inequality implies that r(t) < for large t, which is a contradiction, 
whence liminft_j.oo '''(t) < tq. We can further see that limsupj^g^ T(t) < To by 
observing that for any e > there exists T^ with the property 



(5.28) T{t) < Tq + e for some t > T^ implies t(s) < To 
To see this note that if t(s) = tq + £ then 

dy{s) 9{y{s)) 



£ for all s > t. 



(5.29) 



ds 



> 



which implies t(s') < to + e for s' > s close to s. The inequality (|5.28p follows 
from (|1.8p . (|4.3p and (|5.13p on choosing T^ sufficiently large. Since we can see by a 
similar argument that liminft_i.oo T(t) > tq, we conclude that limf_^oo T{t) = tq. It 
immediately follows from (fTS)) . (|431) and (|5T3)) that 

d2/(t) 



(5.30) 



lim T{t) = To, 



lim 



1 



t^oo g(y(t)) 

Hence we have from ()4.3p . ()5.13|) and (|5.30p that limt_ 



= 1. 



< 1. 
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To see that linit^oo k(0 = '^o = we use the identity 

d G{u{t),v{t))+u{t)G.,{u{t),v{t)) 
^ ' dt ^ ^ ' u{t)Gu{u{t),v(t)) 

where G{u,v) is the function p.8p . From (|5.30p we see that for any e > there 
exists > such that if < > then 

(5.32) -u{t)Guiuit),vit)) > CG{u{t),v{t)), 

\G{u{t),v{t))+u{t)G^{u{t),v{t))\ < eG{u{t),v{t)) , 

where C > is independent of e. The hmit of the RHS of ()5.3ip as i — oo is 
therefore 0, whence p.3p imphes hmt^^oo k(0 = ko- 

Finally we show that /?(-,i) converges as t — > oo. The invariant solution Wko{') 
of (I1.13P when k = kq is given by the formula 



(5.33) Wko{x) = exp 



T0-/3 



1-x 



0<x <l, 



with TQ,a,P as in (|5.26l) . Following the argument of Proposition 3.1 again, we 
define the function g{x,t) by w{x,t) = WK,g{x)g{x,t). From (|5.13p and (|5.30p we 
see that for any 6 with < ^ < 1 there exists Tg > Q such that 

d 

(5.34) \{l-xf— log gix,t)\ < 5 iov Q < x <1 - 5, t>Ts . 

ox 

Now (|5.34p implies that there is a constant C independent of 5 such that 

(5.35) \c{x,t) - c^„{x)g{x,t)\ < CS c^„{x)g{x,t) < x < 1 - S, t > Ts . 
We also have similarly to p.34p that ior < x < 1 — S and t >Ts, 

(5.36) \hix,t) ~ hMgix,t)\ < \hil - 6,t) - h,„{l - S)gil - 5,t)\ 

h^,{x')\dg{x',t)/dx'\ dx' . 



From (|5.34p it follows that there is a constant C independent of 5 such that 
(5.37) / h^„{x')\dg{x',t)/dx\ dx < C5h{x,t) t>Ts . 



Consider any e with < e < 1. It is clear that we may choose 5 < e and > 
depending on e such that 

(5.38) w{l-6,t) < ew{l-e,t), h{l - S,t) < eh{l - e,t) for t > T^. 
It follows from (|5.38p that there are constant C, C independent of e such that 

(5.39) - d)gil -S,t)< CS^w,,il - (5).g(l - 6,t) 

= C6^wil - (5, t) < CeS^wil - s,t) < Ceil - xfw{x, t) 
^Ce{l-xfw^a{x)g{x,t)<C'eh^„{x)g{x,t) for < a; < 1 - e, t>T^. 

We conclude from (|5.35p - (|5.39p that there is a constant C independent of e such 
that 

(5.40) \P{x,t) - P^^{x)\ < Ce for < a; < 1 t > . 

□ 
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If we assume that ()1.23p holds, then (|5.40p and the almost monotonicity of the 
function /3(-,<) at large t implies that 

(5.41) lim ||/3(-,t)-/3«o(-)||oo = . 

We give a direct proof of (|5.4ip since it shows the key implication of the assumption 
(|1.23p is that it implies the function g(-) of (|4.2p is monotonic decreasing. If log 5 (z) 
has large oscillations as 2; — > 1 then (|5.4ip may not hold. 

Proposition 5.1. Suppose /3{-,0) satisfies HI. 11]) with f3o ~ 1 and also U.23\) . 
Then ^5.41\ l holds. 

Proof. We use the identity 

(5.42) ^{x,t) = (3{F{.,t),0) I'' 9F{x,t)/dx 



M^) dz/ / wo{z) dz 



where z = F{x' , t), x < x' < 1. Observe that for any S with < 6 < 1 there is the 
inequality 

dF{x,t)/dx 



(5.43) 



-7 > (l-fJ) , x<x' <x + 6{l-x) . 



dF{x',t)/dx' 

Hence it will be sufficient for us to show that there exists (5o, £0 with < (5o, £0 < 1 
such that if < (5 < (5o, < £ < £0, then 

ho{F{x + 5{l-x),t)) 



(5.44) 



lim sup sup 

t— >oo l — x<e 



< exp[—aS/2e] . 



ha{F{x,t)) 

To prove (|5.44p we use the identity ho{z) = g{z)wo{z), < z < 1, where g{-) is 
the function (|4.2p . Since g(-) is decreasing, (|5.44p follows from the same inequality 
with /lo(-) replaced by wq{-). We also have from (14. 4p that 



(5.45) + <exp 



Wo[X) 

Observe now that 



inf /3(x',0) 

x<.x' < 1 



6u(t) 



(5.46) Fix + S{l^x),t)-F{x,t) > - 

u(t) + a(t)(\ — X) 

It follows then from that for any M > 

woiF{x + Sil-x),t)) 



for < a; < a; + zg{x) < 1. 
l~F{x,t)], 0<.T<1. 



(5.47) 



lim 



sup 



woiF{x,t)) 



0. 



Since limt_^.oo v(t) — 00, we also see that there exists constants Tq, Mq, Ci, C2 > 
such that if t > To and 1 - a; > Mu{t)/v{t) for some M > Mq, then 
(5.48) 



a 



1-x 



£1 
M 



dy{t) 
dt 



<F{x,t)~y{t)< 



a 



1-x 



9i 

M 



dy{t) 

dt 



We conclude from (j5.30p . (|5.45p . (|5.48p that there exists 5q,£q with < (5o,£o < 1 
such that if < (5 < (5o, < £ < £0, and M > 1/(5^, then 

woiF{x + 6{l~x),t)) 



(5.49) limsup sup 
The inequahty (|04| foUows from (fCTTj) . (|09| . 



< cxp[-a5/2£] . 



□ 
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6. Completion of the Proof of Theorem 1.3 



We wish to formulate ()1.7p . (jl.8|) for general functions 4>{-), '(/'(■) satisfying (jl.isp . 
(|1.16p in such a way that it can be approximated by the quadratic model studied 
in §3 and §5. In order to do this recall that the function F{x,t) defined by (|2.ip 
is the solution to the initial value problem p.ip . where the linear first order PDE 
contains a free parameter K{t), t > 0. The conservation law ()1.8p determines the 
function k(-) uniquely, and in particular one sees that it is strictly positive. In p.3|) 
we defined a new parameter w(t), t > 0, in terms of and it turned out that the 
dynamics of the quadratic model had the simple form (j3.5l) in terms of the function 
u{-). We therefore formulate the general case in such a way that the free parameter 
is the function u(-) of (|3.3p rather than the function k(-) which enters in (|3.ip . 

To carry this out we write the characteristic equation ()2.ip in terms of u(-). Thus 
(|2.ip is equivalent to 

dx{s) ip{x{s)) 



(6.1) 



ds ' " tp'{l) 

whence we obtain the equation 

dx{s) ip{x(s)) du{s) 



1 du{s) 



3.2) 



u{s)- 



u{s) ds 
^P'{l^{x{s))-^P{x{sM'{l) 



^'(1) 



ds V'(l) ds 

Next let f{x), < a; < 1, be the function defined by 

(6.3) ^log/(-^) = ' Q<x<l, lim(l-x)/(x) = 1. 

If the function is quadratic, it is easy to see from ()6.3p that /(•) is given by 
the formula 

1 ril) 



(6.4) 



More generally / : [0,1) 
and lima;_j.i f{x) ~ oo. Multiplying 



^^""^ ' 1-x ■ 

R is a strictly increasing function satisfying /(O) > 



(6.5) 



-[fixis))uis)] 



u{s)rixis)) 



by f'{x{s)), we conclude from (|6.3I) that 
i:'{l)cP{x{s))-^{x{sM{iy 



We define now the domains T> = {{x,u) G :0<a;<l, m>0} and 
V = {{z,u) E R^ : z > f{0)u, u > 0}. Then the transformation {z,u) ~ {f{x)u,u) 
maps T> to V. Furthermore from (|6.4p trajectories x{s), s < t, of ()2.ip with u{-) 
defined in terms of the function k(-) by p.3p have the property that {x{s), u{s)) e D 
map under the transformation to (2;(s),u(s)) 6 V, where z{s) is a solution to 

dz{s) 



(6.6) 



ds 



g(z(s),u(s)) , s <t, z{t) = z. 



and g{z,u) is the function 
(6.7) 9{z,u) 



ufix) 



i^'{l)cf,{x)^^j{x)cf,'{l) 



Lemma 6.1. Assume 4'{-), ip{-) satisfy U.15\) . il.16]) . Then there are positive 
constants Ci,C2 such that —C2U < g{z,u) < —Ciu for {z,u) G 2? and 



lim g(z,u) = 



2^'(1) 



= —UqU 
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where ao > 0. The function z -> g{z,u) is in the interval z > fiO)u and 
dg{z,u)/dz is given by the formula 

(6.9) = r{x) = 0'(a;) + 0'(l)-(/.(x)[Vy(a;) + V'(l)]/V'(x), z = f{x)u, 

where T{-) is on the interval (0, 1] and satisfies = T'(l) = 0. 

If in addition </>(•), ip{') satisfy U.18\) then T{-) is on (0,1] and g{z,u) is an 
increasing function of z > f{0)u. The function z — > g[z,u) is concave for z > f{0)u 
provided 0(-), ip{-) satisfy \1.24^ . The condition \1.24^ holds if (/>(■), ■(/'(■) satisfy 
111.15]) . il.16]) . il.l8]) and V'(-) is quadratic. 

Proof From (fTTSl) . (frT6| we see that the function h{x) = ■4;'{l)<j>{x) - ip{x)4>' {1) 
is convex and satisfies h{Q) > 0, h{l) = 0, h'{l) ~ 0, whence h{-) is decreasing 
and strictly positive for < x < 1. It foUows that if < (5 < 1 there are positive 
constants Ci^s, C2.S such that — 6*2,5^ < g{z, u) < —Ci^su for /(0)u < z < f{l—S)u. 
Observe further from (|6.7|) that we may write the function g{z,u) as 
(6.10) 

uf'{x){l-xr 



g(z,u) = ' '^'^^^^^ > [7^'(l)0"(Ax + l-A)-V/'(A2: + l-A)0'(l)] dp(A) , 

where p{-) is a probabihty measure on the interval [0, 1]. Since V'"(l) ~ 4'"{^) > 
and lim3:_>i f'{x){l — .t)^ = 1, it follows from (|6.10p that wc may choose Ci^s, C2,5 
independent of 5 as (5 ^ 0. Evidently (|6.10l) implies (|6.8p on using the fact that 
lim,^i/'(x)(l-x)2 = l. 

To see that g{z,u) is an increasing function of z > f{0)u^ we show that dg{z, u) jdx > 
for < cc < 1. From (|0|) . (|6?7l) we have that 
(6.11) 

= u{i;ixM\x)+<P'{l)]-cj,{x)[^\x)+i''mH'\m{^)/m^ ■ 

Consider now the function k{x) = (1 — x)[4i'{x) + 0'(1)] + 20(.t), which has the 
property that fc(l) = fc'(l) = and k"{x) = (1 - x)(t)"'{x). Assuming </)"(•) is 
increasing, it follows that fc(-) is convex and hence non- negative for < a; < 1. 
Since we can make a similar argument for ?/;(■) under the assumption that '!/'"(') is 
decreasing, we obtain the inequalities 
(6.12) 

^'{x) +(f)'il) > -20(.T)/(l-a;), iP'ix) +ip'{l) < ~2iIj{x)/ {1 ~ x), < x < 1. 

Now dnHJ), (|5T^ imply that dg{z,u)/dz > for z > f{0)u. The formula 
follows from (|6.3|) and (|6.1ip . Hence the function z g{z,u) is concave if r(x) is 
a decreasing function of x. 

If '(/'(•) is quadratic then (|6.9p implies that 

(6.13) = cf>'{x) + cf,'{l) + 2<l>{x)/{l - x) , 
and so 

(6.14) ^^^^ = '^"(•^) + 20'C^)/(1 - •^) + 20(-^)/(l - • 

Now just as before the condition (/>'"(•) > implies that the RHS of ()6.14p is not 
positive for < X < 1. □ 



28 



JOSEPH G. CONLON AND BARBARA NIETHAMMER 



Remark 2. Observe that we have in the case of quadratic 4>{-), for example <p{x) = 
x{l — x), the identity 

(6.15) r'(o) - 0"(o)-0'(o)[7^'(o) + 7^'(i)]/V'(o) = -2-[vy(0) + ^/(i)]/^(0) . 

We have already seen in 116. IS^) that if Iil.l8\) holds then the RHS of i6.15]) is 
positive if 'ip{-) is not quadratic. Hence the function z — >■ g{z,u) is concave when 
(p{-) is quadratic only if ipi') is also quadratic. 

Observe that the condition k(-) a positive function, which ensures that trajec- 
tories {x{s),u{s)), s < t, oi (|2.ip with {x{t),u{t)) G V remain in 2?, becomes the 
condition 

(6.16) ^logM(t) > 0'(1) , t>0. 

dt 

Hence if u{-) satisfies (|6.16|) then solutions (z(s), u{s)), s < t,oi (|6.6p with {z{t), u{t)) S 
V remain in V. To see this directly first observe from (|6.3|) . (|6.7p that g{f{0)u, u) = 
(t>'{l)f{Q)u < 0. For the trajectory {z{s), u{s)), s < t, to remain in V we must have 

(6.17) ^ > /(O) ii {z{s),u{s)) e dV and^^<0, 
du ds 

since dz{s)/ds < 0. Now (|6.7p implies in this case that 

(6.18) ^ = g(z(.),u(.))/^ = ^'(i)/(0).(.)/^ > /(O). 
The first order PDE with characteristic equation (|6.6p is given by 

(6.19) ^E^+g(z,u{t))^^^ = 0, z>f{0)u{t),t>0, 

F(z,0) = z, z>f{0). 

Comparing now (|3.ip to ()6.19p and using (|6.5p . we conclude that the solutions 
F{x,t) of (|XT|) and F{z,t) of (pT^ are related by the identity 

(6.20) f{F{x,t)) ^ F{f{x)u{t),t) , 0<x<l,t>0. 

In the case when are quadratic functions, the solution to (|6.19p is given 

by the formula 

(6.21) F{z,t) z + aov{t) , 

where v{t), i > 0, is the solution to p.4p . We easily conclude from (|6.4p . ()6.19p . 
()6.20p that in the quadratic case F{x,t) is given by the formula (|3.5p . More gener- 
ally we have as a consequence of Lemma 6.1 the following; 

Corollary 6.1. Assume (/){■), V(-) satisfy fTTj)) . ^^^} . Then for t > the 
function z F(z,t) with domain {z > f{0)u{t)} is increasing, and there are 
positive constants Ci,C2 such that z + Civ(t) < F(z,t) < z + C2v(t). If in addition 
U.18\) holds then dF{z,t)/dz < 1. If the function z g{z,u) is concave for all 
u>Q then F{z,t) is a convex function of z > f{0)u{t). 



Proof. Wc have that F{z,t) = z{0), where z{s), s < t, is the solution to ()6.6p 
with z{t) = z, whence it follows that the function z F(z,t) is increasing. From 
Lemma 6.1 it follows that 

(6.22) z(s) <z + C2[ u{s') ds' , 0<s<t, 
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and so F{z,t) < z + C2v{t). We conclude that dF{z,t)/dz < 1 from the formula 



dFiz,t) 

3.23) — = exp 

oz 



dg{z{s),u{s)) 
dz 



ds 



and Lemma 6.1. Evidently (|6.23|) implies the convexity of the function z — > F{z, t) 
is a consequence of the concavity of the function z g{z, u). □ 

Next we show that limsup^^^ v{t)/u{t) = oo if liuix^i /3{x,0) = 1. We can 
already obtain from the results of §4 a positive lower bound liminft_i.oo v{t)/u{t) > 

0. To see this note that we have shown that supK(-) < M < oo and hence p.3|) 
implies that 

We conclude that v{t) > [u{t) - 1]/M|i/)'(1)| for t > 0. Since also implies 

that v{t) > Ml > for all i > 1, it follows that there exists M2 > such that 
v{t) > A'huit) for t > 1. 

Corollary 6.2. Assume </>(•), satisfy U.15]) . U.16]) and that lim^;-;.! /3(x, 0) = 

1. Then if u{-), «(•), are given by /13.3\) . ^3.4^ one has liminfi_>.oo > 
and limsupf^^ v{t) /u{t) = 00. 

Proof. Now w{x,t) = e*w{F{x,t),0), whence it follows from (|1.8p that 

(6.25) w{F{0,t),0) >e~\ w{F{l/2,t),0) < 2e-* . 
We also have from (|6.20p and Corollary 6.1 that 

(6.26) f{x)u{t)+Civ{t) < f{F{x,t))< f{x)u{t)+C2v{t) . 

Since limi;^i f{x){l — a;) = 1, we conclude from (|6.25p . (|6.26p and Lemma 2.1 that 

there are positive constants Tq, C3, C4 such that 

(6.27) 



1 , , ,0 > e"' and w 1 , , , , ,0 < 26^' for f > To . 

u{t) + v{ty J- \ u{t) + v{t)' J- - " 

Hence if z{t) is defined as in Lemma 4.2 by w{z{t),0) = e^*, then (|6.27p implies 
that 

l-.(f-log2) ^ + ^ * ^ ^° ■ 

Observe from (|3.4I) that 

(6.29) w(t) = / e''^[u{s) + v{s)] ds , 

Jo 

and so we conclude from (|6.28p . (|6.29p that 

f* ds 

(6.30) v{t) > Ci e/-'- -. -— fori>To + l. 

Jt-i l-z(s-log2) 

Observe next from (|4.3p and the fact that lima;_j.i g(a;)/(l — x) ~ 0, that we can 
choose To sufhciently large so that 1 - z(i ~ 1 -log2) < 2[l-z(<)] for i > To + 1. We 
conclude from (lOS)) . (|O0l) that v{t)/u{t) > Ci{e - l)/2C3e provided i > To + 1. 

To prove that limsupf^^Q^ v{t)/u{t) ~ 00 we assume for contradiction that there 
is a constant K such that v{t) < Ku(t) for t > 0. By Lemma 2.1 and (|6.26p we see 
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that linit^oo[w(t) + v(t)] = oo, and so we conclude that limt_i.oo u(t) = oo. We also 
see from ()6.26p that 

(6.31) f{x)uit) < f{F{x,t))< [fix)+C2K]u{t) , t>0. 

We define functions Gi(u), G2{u) with domain w > 1 by 
(6.32) 

Gi{u)^ f w{r'[f{x)u],Q) dx, G2{u)^ f w{f-'[{f{x) + C2K}u],Q)dx. 



Evidently Gi(-), G2(-) are strictly decreasing functions satisfying lim„_j.oo Gj{u) = 
0, j = 1,2 and Gi{u) > G2{u) for all u > 1. Hence there exists Tq > such that 
there are strictly increasing functions Uj{t), j = 1,2 with domain t >To such that 
Gj{uj{t)) = e-\ j = 1,2. It follows from (jOTI) that U2{t) < u{t) < ui{t) for 
t ^Tq, and hence 

(6.33) ^TT ^ I "2(s) ds, t>To. 
u{t) ui{t) Jt„ 

We obtain a contradiction to the assumption sup[w(-)/m(-)] < K by showing that 
the RHS of (|6.33p converges to oo as t — > oo. 

To sec this let 77 = info<2:<i[/(a;)/{/(a;) + G2/\}] so < 77 < 1 and U2{t) > rjui{t) 
for t >To. Observe next that there is a positive constant C3 such that 

(6.34) r^[{f{x) + C2K}2u]-r^[{f{x) + C2K}u] > 

C'sil - r^[{fix) + C2K}u] } , < x < 1, u > 1. 

Since the function g(-) of (|4.2p satisfies \im^.^i g{x)/ {1 — x) ~ 0, it follows from 
that lim„^oo G2(2u)/G2(u) = 0. Hence for any S > there exists 
Us > I such that G2(2?/)/G2(u) < S for u > ug. Since limt^oo wi(t) = 00 and 
limmlt^oo U2(t)/ui{t) > 0, it also follow that limt_i.oo "2 (0 = 00. Hence there 
exists Ts such that U2(t) > us for all t >Ts. It follows that if to > Ts then 

(6.35) to<t<to + log(l/(5) implies U2(t) > "2(^0 + log(l/(5))/2 . 

We conclude that the RHS of (|6.33p is bounded below by 77log(l/(5)/2 provided 
t>Ts + \ogil/S). □ 

In order to prove the inequality (|4.37|) and obtain a lower bound on k(-) in the 
case when linijj^o 4'{x)/x < 00, we need to consider the dependence of the function 
u(t), t > 0, on v(t), t > 0. Since v{t) is a strictly increasing function of t we may 
write u{t) = U{v{t)), t>0. It follows from (P^ . Lemma 4.1 and Corollary 

6.2 that 

(6.36) (f>'{l) < U'{v) < Gforw>0, U{v) < Gw for w > 1, 
where G is a positive constant. 

Lemma 6.2. Assume 0(-), '0(-) satisfy 111.15]) . U.16]) . il.l8\) . \1.24\j and either 
that \\mx^o 4>{x) / X = 00 or the functions 0(-), ?/'(■) are on the closed interval 
[0,1]. Assume also that the solution w(x,t) of |j. 7p , lll.8\) satisfies lll.ll]} with 
< /3o !^ 1- Then for any k > 1 there is a constant Ck, independent of t > 0, 
which is an increasing function of k and satisfying limfc_-j.i Gfe = 1, such that 

dF{f{Q)u{t),t) dF{kf{0)u{t),t) dFifiO)uit),t) 

(0.67) < < Gfe , t >U. 

oz oz oz 
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Proof. Let Zk{s), s < t, he the solution to (|6.6p with terminal condition Zk{t) = 
kf{0)u{t). From the convexity of F{-,t) and (|6.23p it will be sufficient for us to 
show that 

Jo oz Jo dz 

for a constant depending only on k which satisfies limfc_>.i = 0. Making the 
change of variable t o v, s o v' , we have that the integral in (|6.38p can be written 
as 

Jo dz Jq dz U{v') ' 

where Zk{s) =^ Zk{v'). Observe now that 

(6.40) hiv') > kf{0)Uiv) + Ci{v-v'} for < < w, 

where Ci is the constant in Lemma 6.1. Upon using the properties of the function 
r(-) stated in Lemma 6.1, it also follows from (|6.40[) and the second inequality of 
(|6.36p that there are positive constants C, 7 with < 7 < 1 such that 
(6.41) 

^ [/(0)[/(.) + Cr{.-.'}]2 forO<. <7«, ->1, fc>l. 

In the case when the functions 0(-), ?/;(•) are on the closed interval [0, 1] we can 
take 7 = 1 in ()6.4ip . Otherwise we need to take 7 < 1. We conclude that there is 
a constant C such that 

(6^42) /*'"■"■'""'' < c for „ > 1, * > L 

7o dz U{v') 

We also have from the properties of the function r(-) that if < (5 < 1 then there 
is a constant Cs such that 

(6.43) < dgjz.u) ^dgiz^,u) ^ Csu\z' - z) fo^. < ^ < ^, , 

dz dz' z"^ 

Observe now from Corollary 6.1 that 

(6.44) Ixiv') < Zkiv') < ziiv') + {k-l)f{0)U{v) ioTO<v'<v. 

It follows then from (|6.43p . (I6.44p that there is a constant C such that 
(6.45) 



.min{^,l/2} rdg(S^{v'),Uiv')) dgih{v') , U (v')) 



dz d 



z 



dv' 

—— < C(fc-l) for v>l,k 
U [v') 



Next we note that there exists 60 > such that if < (5 < (5o then there is a 
constant r](d) with the property lim^_).o ?/((5) = such that 

fr.Af^^ r dg{~z,W).U{v')) dv' 

(6-46) / jr jjT-z < viS) if > 1. 

Jv-SU(v) oz U[v ) 

The inequality ()6.46p follows from (|6.36p in the case when the functions </>{■), 
are on the closed interval [0, 1] since then we can take 7 = 1 in the inequality 
(|6.4ip . In the case when lima;-;. o4>{x)/x = 00 we need to use Corollary 4.1 that 
inf k(-) > 0. Defining T by v{T) = v we have from ((Ml) that 

(6.47) v{T - h) < v(T) - tie'^^''''(^)*iu(r) for < ii < T, 



32 



JOSEPH G. CONLON AND BARBARA NIETHAMMER 



where C2 = supK(-). Hence there exists (5i > such that for < i5 < (5i one has 

(6.48) / jr- — — < / T{x{s)) ds . 

Jv-su{v) ; Jt-2S 

We conclude from (|2.ip . (|6.9p upon using the inequahty inf k(-) > that 

(6.49) / T{x{s)) ds < r]{S) where hm t]{S) = 0. 
Jt~2S "5^0 

It follows from (|6.44p and Lemma 6.1 that 

(6.50) h{v') < Si{v' -{k~l)f{0)U{v)/Ci) iiv' >{k-l)f{0)U{v)/Ci, 

where Ci is the constant of Lemma 6.1. Hence there exists fco > 1, 82 > such 

that for u > 1, 1 < fc < ^Oi < S < 82, one has 

(6.51) 

dg{hiv'),U{v')) dv' ^ f"'''"^'"'>~P dg{Si{v'),U{v' + p)) dv' 



t.min{7,l/2} ^^(^'0 Amin{7,l/2} dz U {v' + p) 

where p = (k - 1) f {0)U (v) / Ci . Next observe that 
(6.52) 

dgiz.Ui) 1 dg{z,U2) 1 



dz Ui dz U; 



2 



= [f{xi)Tixiyf{x2)T{x2)]/z , where f{xi)Ui = z, fix2)U2 



We see now from (|6.3p . (|6.52p and Lemma 6.1 that for any e satisfying < e < 1 
there is a constant Cg depending on s such that 



(6.53) 



9g(z,C/i) 1 dgiz,U2) 1 



9z C/i 9z U2 



^ C,\Ui-U2\ , ^ 

< ^ for e < a;i, a;2 < 1 . 



If the functions 0(-), '0(-) are on the closed interval [0, 1] then lim£_^o ^ Cq < 
00, but in the case lim2:_>.o (j){x)/x = cxd it is possible that becomes unbounded 
as £ — > 0. To estimate from below the integral on the RHS of (|6.5ip we take z = 
ii{v'), Ui = U{v'+p), U2 = U{v') in ^I^withvmin{j, 1/2} <v' <v-SU{v)-p. 
Since inf k(-) > if lim2;_j.o (j){x)/ x ~ 00 we may take e ~ e{6) > in (|6.53p in that 
case. We conclude then from (|6.36p . (j6.40p . (|6.53p that 
.54) 

dg{Mv'),U{v' + p)) 1 dg{z^{v'),U{v')) 1 



V min{7,l/2} 



dz U{v' + p) dz U{v') 



dv' < Cs{k-1) 



where Cs depends only on S and can diverge as (5 — > in the case when lim^_>.o (j^i^) 
00. It follows now from (|05)) . that there exists fco > 1 such that 

holds for 1 < fc < fco- To prove the result for k > kg we repeat the argument but 
in this case we do not need to be concerned with the case lim:c_i.o 4>{x)/x ~ 00. □ 

Corollary 6.3. Assume that 0(-), ip{-) and the solution w{x,t) of jj.Tp , m.8]) 

satisfy the assumptions of Lemma 6.2. Then for any e with < £ < 1 there is a 
constant 7^ such that the function F{x,t) defined by i2.1\) has the property 

dF(0,t) dF(x,t] , ,dF(0,t] ^ „ 
(6.55) < <[l + 7.]4^ forO<.<£,t>0, 

and hme^o 7e = 0. 
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Proof. From (|6.20p we have the identity 

^fir.fi^ 9Fix,t) ^ f'jxMt) dF{f{x)u{t),t) 

^ ' ' dx f'{F{x,t)) dz 

From (|6.3p we see that /'(•) is an increasing function, and since F{-,t) is also 
increasing we conclude that f'{F{0,t)) < f'{F{x,t)) for < x < 1. The result 
follows from (|6.56p and Lemma 6.2. □ 

Proposition 6.1. Assume that (/>(•), and the solution w{x,t) of |i. m.8]) 

satisfy the assumptions of Lemma 6.2. If lunx^o (f>{x) / x = oo then ^.37^ holds. 
If (/>(•): V'(') '^'"6 on the closed interval [0, 1] and the initial data additionally 
satisfies U.2S\) . then inf k(-) > and I4.37\ ) holds. 

Proof. Assuming first that inf k{-) > 0, we see from (|1.8p and Lemma 2.3 that there 
exists a > such that 1 < w{0,t) < 1 + a for all i > 0. We conclude from (jl.Sp 
that 

(g57) wo{Fil/2il + a),t)) ^ w{l/2il + a),t) ^ 1 



woiF{0,t)) w{0,t) - l + 2a ' 

In view of the convexity of the function F{-,t) it follows from (|4.3p and (|6.57|) that 
there exists To > such that 

(6.58) ^ + + 2a).9(^^(0, t)) for t > To . 
It follows from Corollary 6.3 and (|6.58p that if i > Tq then 

(6.59) w{x,t) e*WQ{F{x,t)) > e*wo{F{0,t) + xdF{x,t)/dx) > 

e*wo{F{0,t)+xil + -f^)dF{0,t)/dx) > C{x, a)e^woiF{0,t)) > C{x,a), 

for a positive constant C{x,a) depending only on x,a. We have proved the in- 
equality (|i37)) . 

Finally we need to show that inf k(-) > in the case when the functions </>{■), ip{-) 
arc on the closed interval [0, 1] and the initial data additionally satisfies (|1.23l) . 
We show that for any S > there exists Ts, Kg > such that if i > Ts and 
w{Q,t) > Ks > 2, then f3{0,t) > 1 — S. To see this let us suppose that w{0,t) = 
e*u;o(F(0,<)) > Ks > 2, whence it follows from (HH)), gS]) and that there 

are positive constants Tq, Cq such that 

(6.60) > Co9{F{0,t))\ogKs for t > Tq . 

We conclude from (|4.3p . (|6.55p . (|6.60p that there is a constant Ci > such that 

(6.61) ""'iit'^l < exp [-Cix log Ks] for < x < 1/2. 
wo(F(0,t)) 

Now just as in Proposition 5.1 we see that the ratio hQ{F{x,t))/h{F{0,t)) is also 
bounded by the RHS of (|6.61|) since we are assuming that the initial data satisfies 
(jl.23p . Thus from (|5.42[) we obtain for any e < 1/2 the lower bound 

(6.62) /3(0,t) > /3(F(0,i),0){l-exp[-Ci£logi^5]}/(l + 7,) for t > Tq . 

It is clear from (|6.62p that we may choose Ks, Ts such that (3{0, t) > 1 — S ii t >Ts 
and w(0,t) > Ks. 
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To complete the proof of inf k(-) > we argue as in Corollary 4.1. Thus 

(6.63) |log(Xt) >{1-S) 

We have already observed in Corollary 4.1 that there exists 7 > such that P(Xt > 
7(Xt)) > 1/2 for t > 0. Let xq £ (0,1) be the point at which the function 
achieves its maximum. Then from the Chebysev inequality we have that 

(6.64) Pi-f{Xt) <Xt<Xo) > l/2-{Xt)/xo > 1/4 if (X^) < Xo/4 . 
Hence ((OS)) . ([elM]) imply that 

(6.65) |log(Xt) >{1-S) 

provided Ks > 4/a;o. Choosing 6 now to satisfy (1 — S)['y(j)' (Q) / 4 + 1] > 1, we see 
from that there exists Tij > Ts such that (Xt) > 1/Ks for t > Tij. We 

conclude from Lemma 2.3 that inf k(-) > 0. □ 

Proof of Theorem 1.3. The result follows from Lemma 4.1, Corollary 4.1, Lemma 
4.2 and Proposition 6.1. □ 

We conclude this section by making some observations concerning the conditions 
(jl.lSp . (|1.24p on the functions 0(-),-0(-). In Lemma 6.1 we saw that p.l8|) implies 
that the function z ^ g{z,u) is increasing. This fact can also be concluded from 
(|6.8|) and the concavity of the function z — > g{z,u), which follows from ()1.24p . 
Therefore the only part of the proof of Theorem 1.3 in which we need to assume 
(jl.lSp is in the proof of Lemma 4.1. We can however replace Lemma 4.1 by the 
following proposition in the case when lima;_i,o (f>{x)/x < 00, and so dispense entirely 
with the assumption (|1.18p for the proof of Theorem 1.3. 

Proposition 6.2. Assume ip{-) satisfy 111.15]) . \1.16\) . \1.24^ and that the 

initial data for |i. 7[ ), {23) satisfies il.ll]) with /3o = 1. Then iflinix^Q (j){x)/x < 00 
there is a constant C such that ti{t) < C for i > 0. 

Proof. It follows from Lemma 6.1 that the function g{z,u) of (|6.7|) is negative, in- 
creasing and concave for z > f{0)u. We first note that the assumption lim.^_i.o 4>{x) jx < 
00 implies that the function z — > g(z, u) is on the closed interval [/(0)w, 00) since 
limi:_i.o xip' (x) — 0. Hence we can extend g{z, u) to be a function on [0, 00) by 
setting dg{z,u)/dz = dg{f{0)u,u)/dz for < z < f{0)u. The extended function 
g^-^u) is negative, increasing, concave and g{0,u) = ~a\u for some positive con- 
stant cx\ > ao, where ocq is defined by (|6.8p . We now define an extended function 
F{z,t), z > 0, as the solution to the initial value problem (|6.19p in the domain 
{{z,t) : z > 0,t > 0}, and it is clear that the extended function F{-,t) is increas- 
ing convex and dF{z,t)/dz < 1 for z > 0. We further define a function y{t) by 
f{y{t)) = F{0,t) where the function /(•) is determined by ()6.3p . Observe that 
in the case of quadratic </>(•), V'(-) this function coincides with the function y(t) of 
(fSTT]) . Since z + Civ{t) < F{z,t) < z + C2v{t) for > as in Corollary 6.1, we 
have that limt_j.oo -^(0, t) — 00. Hence there exists Tq > such that y{t) is uniquely 
defined for t>To and satisfies < y{t) < F(0, t) < 1. 

Let k : [/(O), 00) — ?• [0,1) be the inverse function of / : [0,1) — !> [/(O), 00). Since 
/(•) is strictly increasing and convex, it follows that fc(-) is strictly increasing and 
concave. We have now from (|6.20|) that 



. {Xt) 



-1 {Xt) <l/Ks ,t>Ts . 



Hl{Xt)) 



-1 ii {Xt) <l/Ks ,t>Ts 
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(6.66) F{x,t)-y{t) = k{F{f{x)u{t),t))-k(F{0,t)) > 

k'{F{f{x)u{t),t))[F{f{x)u{t),t)-F{0,t)] > k'{F{f{x)u{t),t))f{x)u{t)dF{Q,t)/dz , 

where in ()6.66p we have used the fact that the function z — >■ F{z,t) is increasing 
and convex. From (|6.3p we see that the function fc(-) is on [/(0),oo) and 
satisfies \im.y^cx> y^k'{y) = 1. Using the fact that hmt_i.oo v{t) = oo, it follows from 
corollaries 6.1,6.2 that there are positive constants Ci,Ti such that 

(6.67) k\F{f{x)u{t),t)) > Cik\F{0,t)) for < a; < 1/2, t > Ti . 

Hence Lemma 6.1, (|6.19|) and (|6.66|) . (|6.67p imply that there is a positive constant 
C2 such that 

(6.68) F(x^t)~y(t) > Cs^^^ for < a; < 1/2, t > Ti . 

dt 

Since y{t) < F{0, t) < z{t) we can define as in §5 a positive function T{t) satisfy- 
ing y{t) ^ z{t — T{t)). Following the argument of Lemma 5.1 we see that (|6.68p and 
the conservation law (|1.8|) imply that there exists To, tq > such that r(t) > tq for 
t >Tq. Observe next as in (|6.66|) that we have 

(6.69) 

F{x, t) - F(0, t) > k'{F{f{x)u{t), t))[f{x) ~ fmu{t)dF{f{0)u{t),t)/dz , 
FiO, t) - y{t) < fc'(F(0, t))f{0)uit)dF{fiO)uit), t)/dz . 
Hence there exists positive constants C2 , T2 such that 

(6.70) F{x,t) - F{0,t) > C2x[F{0,t) -y{t)] for t > Ta, < 2; < 1/2. 

Suppose now that e*w{F{0,t),0) ~ for some < S < to/2. Then (|4.3p implies 
that there exists Ts > such that F{0,t) - y{t) > Tog{F{0,t))/2 provided t > 
Tg. Hence (|4.3|) and (|6.70p imply that for small 5 the integral on the LHS of 
(jl.8|) is strictly less than 1. We conclude that there exists T2,(52 > such that 
e*u;(F(0, t), 0) > for t > T2. The result follows from Lemma 2.3. □ 
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